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In this paper, we systematically study gauge anomalies in bosonic and fermionic weak-coupling 
gauge theories with gauge group G (which can be continuous or discrete). We argue that, in d 
space-time dimensions, the gauge anomalies are described by the elements in Free[W^"''^(G, R/Z)] ® 
I^BG, R/Z). The well known Adler-Bell-Jackiw anomalies are classified by the free part of the 
group cohomology class ^"^+^(0, R/Z) of the gauge group G (denoted as Free['H''+^(G, R/Z)]). We 
refer other kinds of gauge anomalies beyond Adler-Bell-Jackiw anomalies as nonABJ gauge anoma- 
lies, which include Witten SU{2) global gauge anomaly. We introduce a notion of 7r-cohomology 
group, ,j^d+^(^BG,R/Z), for the classifying space BG, which is an Abelian group and include 
Tor[W^+^(G', R/Z)] and topological cohomology group _H"'*+^(BG, R/Z) as subgroups. We argue that 
.^''^^ (BG, R/Z) classifies the bosonic nonABJ gauge anomalies, and partially classifies fermionic 
nonABJ anomalies. We also show a very close relation between gauge anomalies and symmetry- 
protected trivial (SPT) orders [also known as symmetry-protected topological (SPT) orders] in 
one-higher dimension. Such a connection allows us to non-perturbatively define any anomaly-free 
chiral gauge theories using lattice gauge theories in the same dimension, if we include a proper direct 
interactions between lattice fermions. 

In this paper, we concentrate on gauge anomalies in weak-couping gauge theories. More general 
anomalies can be defined even without gauge theory: given a description of a set of low energy 
properties, we ask if the set of low energy properties can be realized by a well-defined quantum 
theory in the same dimension? If not, we say the theory is anomalous. The results in this paper 
suggest that the generic anomalies defined above are classified by topological orders {i.e. patterns 
of long-range entanglement) in one-higher dimension. 

PACS numbers: 11.15.-q, ll.15.Yc, 02.40.Re, 71.27.-|-a 
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I. INTRODUCTION 

Gauge anomaly in a gauge theory is a sign that the the- 
ory is not well defined. The first known gauge anomaly is 
Adler-Bell-Jackiw anomaly.^'^ The second type of gauge 
anomaly is Witten SU{2) global anomaly.'' Some re- 
cent work on gauge anomaly can be found in Ref. 4- 
9. Those anomalies are for continuous gauge groups. 
The gauge anomalies can also appear for discrete gauge 
groups. Previously, the understanding of those discrete- 
group anomalies was obtained by embedding the discrete 
gauge groups into continuous gauge groups/°'^^ which 
only captures part of gauge anomalies for discrete gauge 
groups. 

In condensed matter physics, close relations be- 
tween gauge/gravitational anomalies and gapless edge 
excitations^^'^'^ in quantum Hall states^^'^^ have be- 
ing found. We also find close relations between 
gauge/gravitational anomalies of continuous groups and 
topological insulators/superconductors^^"^^ have been 
observed,'''^"'''* which were used extensively to understand 
and study topological insulators/superconductors.''*^ 

In this paper, we will give a systematic understand- 
ing of gauge anomalies in weak-coupling gauge theo- 
ries, where weakly fluctuating gauge fields are coupled 
to matter fields. If the matter fields are all bosonic, the 
corresponding gauge anomalies are called bosonic gauge 
anomalies. If some matter fields are fermionic, the cor- 
responding gauge anomalies are called fermionic gauge 
anomalies. We find that we can gain a systematic under- 
standing of gauge anomalies through SPT states, which 
allow us to understand gauge anomalies for both contin- 
uous and discrete gauge groups directly. 

What are SPT states? SPT states are short-range 
entangled states with an on-site symmetry described 
by the symmetry group G.^^'^^ It was shown that one 
can use distinct elements in group cohomology class 
n'^+^{G, R/Z) to construct distinct SPT states in 
dimensional space-time. "'^"^^ 

The SPT states have very special low energy bound- 
ary effective theories, where the symmetry G in the bulk 
is realized as a non-on-site symmetry on the boundary. 
(We will also refer non-on-site symmetry as anomalous 
symmetry.) It turns out that the non-on-site symme- 
try (or the anomalous symmetry) on the boundary is not 
"gaugable" . If we try to gauge the non-on-site symmetry, 
we will get an anomalous gauge theory, as demonstrated 
in Ref. 38, 40-43 for G = U{l),SU(2). This relation be- 
tween SPT states and gauge anomalies on the boundary 



of the SPT states allows us to obtain the following result 

one can use different elements in group coho- 
mology class H'^"'"^(G', R/Z) to construct different 
bosonic gauge anomalies for gauge group G in d- 
dimensional space-time. 

This result applies for both continuous and dis- 
crete gauge groups. The free part of H'^"'"^(G, R/Z), 
Free[H'*+i(G, R/Z)], classifies the well known Adler-Bell- 
Jackiw anomaly for both bosonic and fermionic systems. 
The torsion part of 'H''''"^(G, R/Z) correspond to new 
types of gauge anomalies beyond the Adler-Bell-Jackiw 
anomaly (which will be called nonAB J gauge anomalies) . 

However, in the above systematic description, the non- 
trivial gauge anomalies come from the non-trivial ho- 
mological structure of the classifying space BG of the 
gauge group G. On the other hand, we know that 
non-trivial global anomalies come from non-trivial ho- 
motopic structure ■Kd{G) of G, which is the same as 
the homotopic structure of the classifying space since 
i:d+i{BG) = nd{G). Therefore, the cohomology descrip- 
tion of gauge anomalies may miss some global anomalies 
which can only be captured by the homotopic structure 
of BG, instead of the homological structure. 

In an attempt to obtain a more general descrip- 
tion of gauge anomalies, we introduce a notion of tt- 
cohomology group M'^^+^{BG,\R/Z) for the classifying 
space BG of the gauge group G. J^^~^^{BG, R/Z) is an 
Abelian group which include the topological cohomol- 
ogy class H'^~^^{BG,R/Z) and group cohomology class 
Tor[-H'*+^(G, R/Z)] as subgroups (see appendix D): 

Tor[-H'*+^(G, R/Z)] c H'^+\BG, R/Z) c .ye^+^{BG, R/Z). 

(1) 

If G is finite, we further have 

Tor[-H'*+^(G, R/Z)] = H'^+\BG, R/Z) = J'^^^+^iBG, R/Z). 

(2) 

We like to remark that, by definition, JfJ^+^{BG, R/Z) 
is more general than ^(BG, R/Z). But at the mo- 
ment, we do not know if J^''+^(_BG, R/Z) is strictly 
larger than H'^+'^{BG,R/Z). It is still possible that 
J^/+i(BG, R/Z) = H'^+^{BG, R/Z) even for continuous 
group. 

We find that we can use the different elements in the 
TT-cohomology group Jff^^^{BG, R/Z) to construct dif- 
ferent nonABJ gauge anomalies. So more generally, 

the bosonic/fermionic gauge anomalies are de- 
scribed by Free[H''+i(G, R/Z)]©jr/+i(BG, R/Z). 
It is possible that Fiee[H'^+^{G,R/Z)] © 
J^'^+i(BG,R/Z) classify aU the bosonic 
gauge anomalies. J^J'^^ {BG, R/Z) includes 
H'^+^{BG, R/Z) as a subgroup. 

We note that Witten's SU{2) global anomaly is a 
fermionic global anomaly with known realization by 
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fermionic systems. Since the Tr-cohomology result 
Free[-H^+i(G, R/Z)] © jr^+^{BG,U/T) only describes 
part of fermionic gauge anomalies, it is not clear if it 
includes Witten's SU{2) global anomaly. On the other 
hand, we know for sure that the group cohomology re- 
sult H'^+^{BG, R/Z) does not include the SU{2) global 
anomaly since H^{BSU{2), R/Z) = 0. 

We will define J^/+i(BG', R/Z) later in section VB. 
In the next two sections, we will first give a general 
picture of our approach and present some simple ex- 
amples of the new nonABJ gauge anomalies. Then 
we will give a general systematic discussion of gauge 
anomalies, and their description/classification in terms 
of Free[-H''+i(G, R/Z)] © ^/+i(BG, R/Z). 

Last, we will use the connection between gauge anoma- 
lies and SPT phases (in one higher dimension) to con- 
struct a non-perturbative definition of any anomaly- 
free chiral gauge theories. We find that even certain 
anomalous chiral gauge theories can be defined non- 
perturbatively. 



II. A GENERAL DISCUSSION OF GAUGE 
ANOMALIES 

A. Study gauge anomalies in one-higher dimension 
and in zero-coupling limit 

We know that anomalous gauge theories are not well 
defined. But, how can we classify something that are not 
well defined? We note that if we view a gauge theory with 
the Adlcr-BcU-Jackiw anomaly in d-dimensional space- 
time as the boundary of a theory in {d + l)-dimensional 
space-time, then the combined theory is well defined. 
The gauge non-invariance of the anomalous boundary 
gauge theory is canceled by the gauge non-invariance of 
a Chern-Simons term on [d + 1) -dimensional bulk which 
is gauge invariant only up to a boundary term. So we 
define d-dimensional anomalous gauge theories through 
defining a {d + l)-dimensional bulk theory. The classifi- 
cation of the {d+ 1) -dimensional bulk theories will leads 
to a classification of anomalies in d-dimensional gauge 
theories. 

The {d+ l)-dimensional bulk theory has the following 
generic form 

c,+,D = /:sv1d(0, ^, A,) + ^'^^7^"'^ (3) 

where (or tp) are bosonic (or fermionic) matter fields 
that couple to a gauge field of gauge group G. In this 
paper, we will study gauge anomalies in weak-coupling 
gauge theory. So we can take the zero-coupling limit: 
Xg — 7> 0. In this limit we can treat the gauge field 
as non-dynamical probe field and study only the the- 
ory of the mater fields C^^^^if,^ {(pjtp, A^), which has an 
on-site symmetry with symmetry group G if we set the 
probe field A^^ = 0. So we can study d-dimensional gauge 
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FIG. 1: (Color online) A point defect in 2D looks like a 
boundary of an effective ID system, if we wrap the 2D space 
into a cylinder. 

anomalies through (rf+ l)-dimensional bulk theories with 
only matter and an on-site symmetry G. 

B. Gauge anomalies and SPT states 

Under the above set up, the problem of gauge anomaly 
becomes the following problem: 

Given a low energy theory with a global sym- 
metry G in c?-dimensional space-time, is there a 
non-perturbatively well-defined theory with on- 
site symmetry in the same dimension which re- 
produce the low energy theory. 

We require the global symmetry G to be an on-site sym- 
metry in the well-defined theory since we need to gauge 
the global symmetry to recover the gauge theory with 
gauge group G. 

It turns out that we may not always be able to find 
a well-defined theory with on-site symmetry in the same 
dimension to reproduce the low energy theory. Let us 
assume that we can always find a well-defined gapped 
theory with on-site symmetry in higher dimension to re- 
produce the low energy theory on a lower dimensional 
defect sub-manifold, such as a boundary, a defect line, 
etc. Note that we can always deform the higher dimen- 
sional space into a lower dimensional space so that the 
defect sub-manifold looks like a boundary when viewed 
from far away (see Fig. 1). So without loosing generality, 
we assume that we can always find a well-defined gapped 
theory with on-site symmetry in one-higher dimension to 
reproduce the low energy theory on the boundary. There- 
fore 

We can understand anomalies through studying 
theories with on-site symmetry in one-higher di- 
mension. 

In this paper, we will concentrate on "pure gauge" 
anomalies. We require that the theory is not anoma- 
lous if we break the gauge symmetry. Within our set up, 
this means that we can find a well-defined gapped theory 
in same dimension to reproduce the low energy theory 
on the boundary, if we allow to break the symmetry at 
high energies. If we do not allow to break the symmetry, 
we still need to go to one-higher dimension. However, 
the fact that the boundary theory can be well defined 
within the boundary (if we break the symmetry) implies 
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that the ground state in one-higher dimensional theory 
has a trivial (intrinsic) topological order.*"'"'*® This way, 
we conclude that 



We can understand "pure" gauge anomalies 
through studying SPT states'^''"'^^ with on-site 
symmetry in one-higher dimension. 

A non-trivial SPT state in {d + l)-dimensions will cor- 
respond to a "pure" gauge anomaly d-dimensions. (For 
more detailed discussions, see section IV) 

With such a connection between gauge anomalies and 
SPT states, we see that the topological invariants for 
{d+ l)-dimensional SPT states*^'"'* can be used to char- 
acterize c?-dimensional gauge anomalies. The topological 
invariants for (fi+l)-dimensional SPT states also give rise 
to anomaly cancellation conditions: Given a potentially 
anomalous gauge theory in c?-dimensional space-time, we 
first construct a well defined {d + 1) -dimensional theory 
which produce the d-dimensional gauge theory. (This 
step is needed since the potentially anomalous gauge the- 
ory may not be well defined in cZ-dimensional space-time.) 
If all the topological invariants for the ((i-l-l)-dimensional 
theory are trivial, then the ci- dimensional gauge theory 
is not anomalous. 



C. Gauge anomalies and gauge topological term in 
(d+1) dimensions 

In addition to the topological invariants studied in 
Ref. 47 and 48, we can also characterize gauge anomalies 
through the induced gauge topological term W^^p^°{A^) 
in the (d -\- 1) dimensional theory, obtained by integrat- 
ing out the matter fields. The gauge topological term 
provide us a powerful tool to study gauge anomalies in 
one-lower dimension. 

The above describes the general strategy that we will 
follow in this paper. In the following, we will first use 
this line of thinking to examine several simple examples 
of nonABJ gauge anomalies. 



III. SIMPLE EXAMPLES OF NONABJ GAUGE 
ANOMALIES 

A. Bosonic Z2 gauge anomaly in 1 + lD 

The simplest example of nonABJ gauge anomaly is the 
the Z2 gauge anomaly in I-^ID. Since ,y/f^{BZ2, R/Z) = 
'H^{Z2, R/Z) = Z2, we find that there is only one type of 
non-trivial bosonic Z2 gauge anomaly in 1-l-lD. 

To see a concrete example of Z2 gauge anomaly, let us 
first give a concrete example of non-on-site Z2 symmetry. 
Gauging the non-on-site Z2 symmetry will produce the 
Z2 gauge anomaly. 

Let us consider the following spin- 1/2 Ising-like model 
on a ID lattice whose sites form a ring and are labeled 



byi = l,2,---L:37.42,49 

L L 

1=1 1=1 

-E/^fK' +^ti^f<+i) (4) 

'i=l 

where a^,a''^,a^ are 2-by-2 Pauli matrices. The model 
has a non-on-site (or anomalous) Z2 global symmetry 
generated by 

L L 
i=l i=l 

where 7^ j is a 4-by-4 matrix that acts on two spins at site- 

z and site-j as 7 = |tt) (ttl - Iti) (til + lit) (ttl + lU) (U| ■ 
We say U is a, non-on-site symmetry transformation since 
it cannot be written in the direct product form {i.e. the 
on-site form)'^^"''^'"'^ U = (E)iUi, where Ui acts only on 
site-i. 

Such a non-on-site (or anomalous) symmetry is not 
"gaugable" . If we try to gauge the Z2 symmetry, we will 
get an anomalous Z2 gauge theory in 1-l-lD. The anoma- 
lous Z2 gauge theory is not well defined and we cannot 
even write down its Hamiltonian. However, the anoma- 
lous 1-l-lD Z2 gauge theory can be defined as a boundary 
of a 2-l-lD Z2 gauge theory. So we can study the physical 
properties of anomalous 1-1- ID Z2 gauge theory through 
its corresponding 2-l-lD Z2 gauge theory. We will do this 
in the next section for the more general anomalous 1+lD 
Zn gauge theory. 

In the rest of this section, we will not gauge the Z2 
symmetry. We will only study the l-flD model with 
the non-on-site {i.e. anomalous) Z2 symmetry. We like 
to understand the special properties of the l-t-lD model 
that reflect the anomaly (the non-on-site character) in 
the Z2 symmetry. 

The most natural way to probe the gauge anomaly 
is to measure the gauge charge induced by gauge flux. 
So to probe the Z2 anomaly, we like to add an unit of 
Z2 flux through the ring on which the 1-1- ID system is 
defined, and then measure the induced Z2 charge. But 
since the Z2 symmetry is non-on-site, we do not not know 
how to add an unit of Z2 flux through the ring. We can 
add Z2 flux only if we view our anomalous 1-1- ID system 
as a boundary of a 2+ ID Z2 gauge theory, which will 
be discussed in the next section. So here, we will do the 
next best thing: we will study the 1-l-lD model on a open 
line. The 1-l-lD model on an open line can be viewed as 
having a strong fluctuation in the Z2 flux through the 
ring. 

The Hamiltonian on an open line, -ffiino, can be ob- 
tained from that on a ring (4) by removing all the "non- 
local terms" that couple the site-1 and site-L, i.e. by 
setting = = hi = h\ = h\ ^ 0. Hunc 

still has the anomalous {i.e. non-on-site) Z2 symmetry: 
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UHiincU~^ = -ffiinc- However, as a symmetry transfor- 
mation on a line, U contains a non-local term jl,!- After 
dropping the non-local term 7^4, we obtain 



L L-l 
1=1 i=l 



(6) 



We find that Un, 



feline -fflincf^li, 



is also a symmetry of Hiu 
From the relation 



C/2 



'-'line 



1, 



(7) 



we find that U and Uunc generate a dihedral group ~ 
Z4 XI Z2 - a symmetry group of -ffiinc- In fact, -ffunc has 
even higher symmetries since trf and cr£ are separately 
conserved. So the full symmetry group is generated by 
(icrf , i(T£, J7iino, t^) which is [(Z4 x Z4) x Z4] x Z2. Some 
of the group elements have the relation 

{ial)U = -Uiial). (8) 

So all the representations of the group must be even di- 
mensional. Such a symmetry causes a two-fold degener- 
acy for all the eigenvalues of Hn^c ■ From a numerical cal- 
culation, we find that the two-fold degenerate states al- 
ways carry opposite Z2 quantum numbers U — ±1. This 
is a property that reflects the anomaly in the Z2 symme- 
try. 



The two-fold degeneracy induced by the Z2 non- 
on-site symmetry implies that there is a Majorana 
zero-energy mode at each end of l-f-lD system if 
the system lives on an open line. 



B. Bosonic Zn gauge anomalies in 1+lD 

Now let us discuss more general Z„ gauge anomaly 
in 1-l-lD bosonic gauge theory, which is classified by 
Jif^iBZn, R/Z) = n^{Z.n, R/Z) = Z„. So there are n - 1 
non-trivial Z„ gauge anomalies. To construct the exam- 
ples of those Zn gauge anomalies, we will present two 
approaches here. 

In the first approach, we start with a bosonic Z„ SPT 
state in 2+lD. We can realize the Z„ SPT state through 
a 2-l-lD bosonic U{1) SPT state, which is described by 
the following U{1) x [/(I) Chern-Simons theory:^°'^'^ 



(9) 



where the non-fluctuating probe field couples to the 
current of the global U{1) symmetry. Here the i^T-matrix 
and the charge vector q are given by^°"^^ 



K = 













-a) 



k e 



(10) 




FIG. 2: (Color online) A Z2 gauge configuration with two 
identical holes on a torus that contains a unit of Z2 flux in 
each hole. The Z2 link variables are equal to —1 on the 
crossed links and 1 on other links. If the 1+lD bosonic Z2 
gauge theory on the edge of one hole is anomalous, then 
such a Z2 gauge configuration induces half unit of total Z2 
charge on the edge (representing a Z2 gauge anomaly). 
Braiding those holes around each other reveals the fractional 
statistics of the holes. The edge states for one hole are 
degenerate with ±1/2 Z2 charge if there is a time-reversal 
symmetry. 



The even diagonal elements of the JT-matrix are required 
by the bosonic nature of the theory. The Hall conduc- 
tance for the U{1) charge coupled to is given by 



i2n) 



2k 
2^' 



(11) 



The above 2+lD U{1) SPT state is characterized by 
an integer k G 'H^[U{1),R/Z]. We also know that an 
2-f ID Zn SPT state is characterized by a mod-n integer 
m e n^iZn, R/Z). If we view the 2+lD U{1) SPT state 
labeled by as a 2-1- ID Zn SPT state, then what is the 
m label for such a 2+ ID Z„ SPT state? 

The mod-n integer m can be measured through a topo- 
logical invariant constructed by creating n identical Z„ 
monodromy defects:^^ 2m is the total Zn charge of n 
identical Zn monodromy defects. On the other hand, a 
Zn monodromy defect corresponds to 27r/n fiux in the 
U{1) gauge field A^. From the 2k quantized Hall con- 
ductance, n identical 27r/n-flux of will induce 2k U{1) 
charge, which is also the Zn charge. So the above bosonic 
U{1) SPT state correspond to a m = A; mod n bosonic 
Zn SPT state.4^ 

The low energy effective edge theory for the 2+lD sys- 
tem (9) has an non-on-site Zn symmetry if A: 7^ mod 
n. (In fact, the low energy edge effective theory has an 
non-on-site U{1) symmetry.) If we gauge such a non-on- 
site Zn symmetry on the edge, we will get an anomalous 
Zn gauge theory in 1-l-lD, which is not well defined. (In 
other words, we cannot gauge non-on-site Zn symmetry 
within H-ID.) 

However, we can define an anomalous Z„ gauge the- 
ory in 1-t-lD as the edge theory of a 2-l-lD Zn gauge 
theory. Such a 2-l-lD Zn gauge theory can be obtained 
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from eqn. (9) by treating as a dynamical U{1) gauge 
field and introduce a charge n-Higgs field to break the 
;7(1) down to Z„: 

An 2n 

+ \{d^+-mA^)<Pf + a\cj)f-b\cj)f (12) 

The edge theory of the above Ginzberg-Landau-Chern- 
Simons theory contain gapless edge excitations with cen- 
tral charge c — 1 right-movers and central charge c — I 
left-movers. Such a 1-l-lD edge theory is an example 
of anomalous 1-l-lD Zn gauge theory that we are look- 
ing for. The anomaly is characterized by a mod-n integer 
m = 2k. A unit of Zn flux (a 27r/n flux) through the hole 
(see Fig. 2) will induce a 2m/n Z„ charge on the edge. 
Such a property directly reflects a Z„ gauge anomaly. 

To summarize, in the first approach, we start with a 
Zn SPT state in 2-l-lD to produce a 1-l-lD edge theory 
with a non-on-site Zn symmetry. We then gauge the non- 
on-site Zn symmetry to obtain an anomalous Z„ gauge 
theory in 1+lD. 

In the second approach, we use the the Levin- Gu 
duality relation*^'^'^'^^ between the Z„ SPT states and 
the (twisted) Z„ gauge theory in 2-t-lD. We obtain the 
anomalous 1-t-lD bosonic Zn gauge theory directly as the 
edge theory of the (twisted) Z„ gauge theory in 2-1- ID. 
The (twisted) Z„ gauge theory can be described by the 
following 2-f ID C/(l) x C/(l) Chern-Simons theoryi^s-s^ 

C = ^Kijaj^d^aj^e^"^ + ■■■ (13) 

where the X-matrix is given by 

T> f—2m n\ ( 1/n \ 

n Oj' ^ =\xln 2mVj- (1^) 

When m = 0, the above 2-MD theory is a standard Z„ 
gauge theory, and its low energy edge theory is a standard 
Zn gauge theory in 1+lD with no anomaly. Such an 

1- l-lD Zn gauge theory can defined within 1-l-lD without 
going through a 2-l-lD theory. When m ^ 0, the m term 
corresponds to a quantized topological term in Zn gauge 
theory discussed in Ref. 53. Such a quantized topological 
term is classified by a mod-n integer m S T-l^{Zn, R/Z) 

To see the relation between the U{1) x U{1) Chern- 
Simons theory eqn. (13) and the Zn gauge theory in 

2- |-lD,^^'^^ we note that a unit ai^-charge correspond 
to a unit Zn charge. A unit Zn charge always carries a 
Bose statistics. So the Z„ gauge theory is a bosonic Z„ 
gauge theory. On the other hand, a unit of Z„ flux is 
described by a particle with Ij a/^-charge. We find that 
^2 = 1 (so that moving a unit Z„ charge around a unit Z„ 
flux will induce 27r/n phase). can be any integer and 
the = {li, 1) a/^i-charge is not a pure Zn flux {i.e. may 
carry some Zn charges). 

When the 2-l-lD system (13) has holes (see Fig. 2), the 
theory lives on the edge of hole is an 1-f ID anomalous Z„ 



gauge theory. If we add Zn flux to the hole, we may view 
the hole as a particle with I = (0, 1) a/;_i-charge. Such a 
particle carries a fractional 2m /n Zn charge as discussed 
above. We conclude that, when m 7^ 0, 



a unit of Zn flux through a ring, on which a 1+lD 
anomalous Zn gauge theory lives, always induces a 
fractional Zn charge 2m/ n, which is a consequence 
of Zn gauge anomaly of the 1-l-lD system. 



From the second description of the anomalous 1-l-lD 
bosonic Z„ gauge theory, we see that if we view the holes 
with a unit of Z„ flux as particles (see Fig. 2), then such 
particles will carry a unit of a2^-charge. If we braid the 
holes with a unit of Z„ flux around each others (see Fig. 
2), those holes will carry a fractional statistics 9 — ^tt 
(the fractional statistics of unit a2;^-charges). 



One can use fractional (or non-Abelian) statis- 
tics of the holes with flux to detect 1-t-lD gauge 
anomaly. 



The gapless edge excitations of the 2-f ID theory (13) 
is described by the following l-flD effective theory 

^i+iD ^[Ki.jdt(j)idx(f>j - Vijdx(f>idx(j),j] (15) 
47r 

I J=l,2 

where the field (t>i{x,t) is a map from the 1-l-lD space- 
time to a circle 27rlR/Z, and y is a positive definite real 
2-by-2 matrix. 

A Zn flux (not the pure Zn flux which is not allowed) 
is described by an unit a2;^-charge. From the equation 
of the motion, we find that, in the bulk, a Z„ flux corre- 
spond to a bound state of 1/rt ai^-flux and 2m /n? 02^- 
flux. Thus a unit of Z„ flux through the hole is described 
by the following boundary condition^^'^^ 

4>i{x) = (j)i{x + L) + 27r/n, 

hix) ^ (j)2{x + L) + 2T:{2m/n^). (16) 

We see that the Zn symmetry of the 1-1- ID theory is 
generated by 

(j)i + 211 jn, 02 02 + A^-Kmjr?. (17) 

Such a Zn symmetry is anomalous (or non-on-site) if m ^ 
mod n in eqn. (36). When n = 2 and to = 1, eqn. (15) 
is the low energy effective theory of i?ring in eqn. (4). 

If we gauge the Z„ symmetry, we will get an anoma- 
lous 1 -I- ID Zn gauge theory, which has no 1-1- ID non- 
perturbative deflnition. This way, we obtain an example 
of bosonic anomalous Z„ gauge theory in 1+lD, eqn. (15) 
and eqn. (17). 
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C. Bosonic Z2 x x Z-i gauge anomalies in 1 + lD 



The bosonic Z2 x Z2 x Z2 gauge anomalies in 1+lD 
are classified by M'^{B{Zi x Z2 x Z2), R/Z) = ^^[Za x 
Z2 X Z2, R/Z] = Z^. So there are 127 different types of 
Z2 X Z2 x Z2 gauge anomalies in 1+lD. Those 127 gauge 
anomalies in 1+lD can be constructed by starting with 
a 2+ ID Z2 X ^2 X Z2 gauge theory. We then add the 
quantized topological terms'"''^ to twist the Z2 x Z2 x Z2 
gauge theory. The quantized topological terms are also 
classified by 'H^\Z2 x Z2 x Z2, R/Z]. The low energy edge 
theories of those twisted Z2 x Z2 x Z^ gauge theories re- 
alize the 127 types of bosonic Z2 x Z2 x Z^ gauge anoma- 
lies in 1-l-lD. The edge theories always have degenerate 
ground states or gapless excitations, even after we freeze 
the Zn gauge fluctuations {i.e. treat the Z„ gauge field 
as a non-dynamical probe field). 

As discussed in Ref. 60, 64 twisted Z2 x Z2 x Z^ gauge 
theories can be described by J7®(1) Chern-Simons theo- 
ries (13) with 



K = 



1- 
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-mi2 





-mi3 
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'TO12 





-2m2 
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-m23 
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-mig 










-21713 
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V 














2 


0/ 



(18) 



where mi,mij = 0, 1. The terms and the nnj terms 
are the quantized topological terms, which twist the Z2 x 
Z2 X Z2 gauge theory. The other 64 twisted Z2 x Z2 x Z2 
gauge theories are non-Abelian gauge theories^"'^^ with 
gauge groups D4, Qg, etc (see also Ref. 62). So some of 
the anomalous Z2 x Z2 x Z2 gauge theories in 1-1- ID has 
to be defined via non-Abelian gauge theories in 2-|~lD. 
(For details, see Ref. 60 and 61.) In this case, the holes 
that carry the gauge flux have non-Abelian statistics (see 
Fig. 2). 



D. Fermionic Z2 x Z2 gauge anomalies in 1+lD 

A fermionic Z2 x Z2 anomalous (i.e. non-on-sitc) sym- 
metry in 1+lD can be realized on the edge of a 2+lD 
fermionic Z2 x Z2 SPT states. Those fermionic SPT 
states were discussed in detail in Ref. 48, 49, and 63. We 
found that there are 16 different fermionic Z2 x Z2 SPT 
states in 2-MD (including the trivial one) which form a 
Zg group where the group operation is the stacking of 
the 2-1- ID states. 

One type of the fermionic Z2 x Z2 anomalous symmetry 
in 1+lD is realized by the following free Majorana fleld 
theory 



■■I+ID 



(19) 



The Z2 X Z2 symmetry is generated by the following two 
generators 

{\r,\l) ^ {-\r,\l), {\r.\l)^{\r.-Xl). (20) 



i.e. Xr carries the first Z2 charge and \l the second Z2 
charge. The the above fermionic anomalous symmetry is 
the generator of Zg types of fermionic Z2 x Z2 anomalous 
symmetries. 

Due to the anomaly in the Z2 x Z2 symmetry, the above 
1+lD field theory can only be realized as a boundary of 
a 2-f ID lattice model if we require the Z2 x Z2 symmetry 
to be an on-site symmetry. (However, it may be possible 
to realize the 1-l-lD field theory by a 1-l-lD lattice model 
if we do not require the Z2 x Z2 symmetry to be an on- 
site symmetry.) One example of 24-lD realization is the 
stacking of a p+ip and a p — ip superconductor (denoted 
as p+ ip/p ~~ ip state). 

Since the Z2 x Z2 symmetry is anomalous in the above 
1-l-lD field theory, if we gauge the Z2 x Z2 symmetry, the 
resulting 1-l-lD fermionic Z2 x Z2 gauge theory will be 
anomalous which can not have a non-perturbative defi- 
nition as a 1-l-lD model. However, the 1-t-lD fermionic 
Z2 X Z2 gauge theory can have a non-pcrturbative defini- 
tion as the boundary of a 2-l-lD model. One such model 
is the stacking of a bosonic v = 1 Pfaffian quantum Hall 
state^"* and a bosonic v — — \ Pfaffian quantum Hall state 
(denoted as Pfaff/Pfaff state). Note that the bosonic 
V = \ Pfaffian quantum Hall state have edge states which 
include a c = 1/2 Majorana mode and a c = 1 density 
mode.^^ However, since we do not require boson num- 
ber conservation, the density mode of the v — 1 Pfaffian 
state and the density mode of the v = —1 Pfaffian state 
can gap out each other, and be dropped. 

Again, it is interesting to see that a non-perturbative 
definition of an anomalous 1-1- ID fermionic Z2 x Z2 
Abelian gauge theory requires an non-Abelian state^"*'®^ 
in 2+YD. 



E. Bosonic L'^(l) gauge anomalies in 2+lD 

The bosonic U{1) gauge anomalies in 2+ ID 
are described by ,^^[BU{1) which contains 

H'^[BU{l),¥,/T\ = R/Z as subgroup. So what are 
those U{1) gauge anomalies labeled by a real number 
k/2 e R/Z = [0,1)? 

First, let us give a more general definition of anomalies 
(which include gauge anomalies as special cases): We 
start with a description of a set of low energy properties, 
and then ask if the set of low energy properties can be 
realized by a well-defined quantum theory in the same 
dimensions? If not, we say the theory is anomalous. 

So to describe the 2-t-lD U{1) gauge anomaly, we need 
to first describe a set of low energy properties. The U{\) 
gauge anomaly is defined by the following low energy 
properties: 

(1) there are no gapless excitations and no ground state 
degeneracy. 

(2) the U{1) gauge theory has a fractional Hall conduc- 
tance = K/27r. 

The above low energy properties implies that, after inte- 
grating out the matter field, the 2-l-lD theory produces 
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the following gauge topological term 

/:2+iz5 - '^A^d^A^e^^''^ + ■■■ . (21) 
47r 

When K e [0,2), the above two low energy properties 
cannot be realized by a well-defined local bosonic quan- 
tum theory in 2-}-lD. In this case, the theory has a C/(l) 
gauge anomaly. 

To see the above two properties cannot be realized 
by a well-defined 2-l-lD bosonic theory (i.e. represent a 
U(l) gauge anomaly), we first note that the requirement 
that there is no degenerate ground states implies that 
there are no excitations with fractional charges and frac- 
tional statistics (since the state has no intrinsic topolog- 
ical order^"'""'^). Second, the above U{1) Chern-Simons 
theory with a fractional coefficient has a special prop- 
erty that a unit of U{1) flux [2-k flux) induces a C/(l) 
charge k (since the Hall conductance is ^). The flux- 
charge bound state has a statistics 6 = kit. Since a unit 
of U{1) flux only induce an allowed excitation, so for any 
well-defined 2-l-lD model with no ground state degener- 
acy, the induced charge must be integer, and the induced 
statistics must be bosonic (for a bosonic theory): 

K = integer, k = even integer. (22) 

We see that, for k G [0, 2), the above U{1) Chern-Simons 
theory (with no ground state degeneracy) cannot appear 
as the low energy effective theory of any well-defined 
2-l-lD model. Thus, it is anomalous. 

But when k = even integer, the above 2-l-lD model 
with even-integer quantized Hall conductance can be re- 
alized through a well-defined 2-l-lD bosonic model with 
trivial topological order, "'^"''■^ and thus not anomalous. 
This is why only k G [0, 2) represents the C/(l) anomalies 
in 2+lD. 

However, the above anomalous 2-1- ID theory (with no 
ground state degeneracy) can be realized as the boundary 
theory of a 3-1- ID bosonic insulator that does not have the 
time-reversal and parity symmetry. The 3-f ID bosonic 
insulator contains a topological term 

C3+1D = ^^^d^A.dxA^e'^''^'^ (23) 

that is allowed by symmetry. A unit of magnetic flux 
through the boundary will induce a fractional C/(l) 
charge k on the boundary. Thus the 3-l-lD bosonic insu- 
lator can reproduces the above two mentioned low energy 
properties. 

The above result can be generalized to study U''{1) 
gauge anomaly in 2-1- ID. If after integrating out the mat- 
ter fields, we obtain the following gauge topological term 

C2+1D - '^A^d^Aie^"^ + ■■■, (24) 

then the theory is anomalous if k/j is not an integer sym- 
metric matrix with even diagonal elements. The anoma- 
lous t/'^(l) gauge theory can be viewed as the boundary 



of a 3-f ID t/'^(l) gauge theory with topological term 

= ^^d,Aid,A'^e^^'\ (25) 

Two topological terms described by k/j and k'jj are re- 
garded as equivalent if 

k'jj ~ Kij = KTr (26) 

where K°'^'^^'^ is an integer symmetric matrix with even 
diagonal elements.^* 

F. Fermionic U(l) gauge anomalies in 2+lD 

In this section, we consider 2-l-lD fermion systems with 
a J7(l) symmetry where the fermion parity symmetry is 
part of C/(l) symmetry. As a result, all fermions carry 
odd U{1) charges. 

The gauge anomalies in such fermionic U{\) gauge 
theory are described by ,^^[BU{1), R/Z] which includes 
H^BUil), R/Z] = R/Z. Thus, the fermionic Uil) gauge 
anomaly can be labeled by k e R/Z = [0, 1). 

The [/(I) gauge anomaly correspond to the following 
low energy properties: The 2-l-lD anomalous fermionic 
U{X) gauge theory has 

(1) a gapped non-degenerate ground state and 

(2) a fractional Hall conductance axy = h/2t:. 

After integrating out the matter field, the 2-t-lD theory 
produces the following gauge topological term 

C2+1D = ^A^d^A^e^^''^ + • • • . (27) 

When K e [0, 1) the above 2-l-lD theory is anomalous. 

When n = integer, the above 2-l-lD model with inte- 
ger quantized Hall conductance can be realized through 
a well-defined 2-t-lD fermionic model - an integer quan- 
tized Hall state which has no ground state degeneracy. 
So the 2-l-lD theory with integer k is not anomalous. 
This is why only k € [0, 1) represents the fermionic U(l) 
anomalies in 2-1- ID. 

Similarly, the above result can also be generalized to 
study fermionic [/''(I) gauge anomaly in 2+lD. If after 
integrating out the matter fields, we obtain the following 
gauge topological term 

C2+1D = '^A'^d^Aie^^^ + . . . , (28) 

then the theory is anomalous if and only if k/j is not 
an integer symmetric matrix. The anomalous fermionic 
U^{\) gauge theory can be viewed as the boundary of a 
3+lD [/''(I) gauge theory with topological term 

>C3+iD = '^^^d,Aid^A!^e^^^^\ (29) 

Two topological terms described by k/j and k'j j are re- 
garded as equivalent if 

«/j - i^iJ = Kij (30) 
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where K is an integer symmetric matrix. It is interesting 
to see that the periodicy of k/j is an even integer ma- 
trix for bosonic systems while the periodicy is an integer 
matrix for fermionic systems.^* 

G. C/(l) X [(7(1) XI Z-i] gauge anomalies in 2+lD 

After understanding the U{\) gauge anomahes in 
2-l-lD for bosonic and fermionic systems, we are ready to 
discuss a more interesting example - U{1) x \U{\) x Z2] 



gauge anomalies in 2+ ID. 



1. Cohomology description 

The 2+lD U{1) x [U{1) xi Z2] gauge anomalies are de- 
scribed by ,^^^[B{Uil) X [[/(I) X Z2]),R/Z] which con- 
tains H-^[B{U{1) X [[/(I) X Z2]), R/Z] as a subgroup. Us- 
ing Kiinneth formula (see eqn. (E15)), we can compute 
H'^[B{U{1) X [[/(I) X Z2]),Z] from H'^[B[U{1) x Z2],Z] 
and H'^[BU {1),Z]: 



d : 


0, 1, 


2, 3, 


4, 5, 6 


H'^lBiUil) X Z2],Z] : 
H'^[BU{1),Z] : 


Z, 0, 


Z2, Z2, I 


:®Z2, Z2, z®2 


Z, 0, 


Z, 0, 


z, 0, z 


H''[BiU{l) X [[/(I) X Z2]),Z] 


: Z, 0, A 


[eZ2, Z2, z® 


2eZf , Zf , Z®2©; 



(31) 



where Z®^ = Z, 



Z„. Then using the universal coefficient theorem (see appendix E), we find 

3, 



d: 0, 1, 2, 

H'^[B{U{l)x[U{l)>}Z2]),R/Z]: R/Z, Z2, R/Z®Z2, Z®^, {R/a 



4, 

B2 , 



702 
-2 ' 



(32) 



We see that some of the U{1) x [U (1) x Z2] gauge anoma- 
lies in 2+m can be described by (IR/Z)®^ ® Z®^ C 
jC[B({/(1) X [C/(l) X Z2]),R/Z]. 



2. Continuous gauge anomalies 

The gauge anomalies described by (R/Z)®^ can be 
labeled by two real numbers (ki,K2) G (R/Z)®^ (for 
fermions) or (ki,/v2) G (R/2Z)®^ (for bosons). An ex- 
ample of such a gauge anomaly can be obtained through 
a C/(l) X [[/(I) X Z2] gauge theory coupled to matter fields. 
If integrating out the matter field produces the following 
gauge topological term in 3+ ID: 

27rKi 

^3+lD 



+ 



2!(27r)2 

27rK2 

2!(27r)2 



(33) 



then the 34-lD gauge theory describes the desired gauge 
anomaly. Here is for the first U{1) and ^2^ the 
second U{1), and ^2^ changes sign under the Z2 gauge 
transformation. 



3. First discrete gauge anomaly 

If integrating out the matter field produces the follow- 
ing gauge topological term in 3+lD:^'^ 



C. 



3+iD — /f, -,j df^Aii,d\A2~fe'^'^^'' 



(34) 



then the 3-l-lD gauge theory describes a discrete [/(I) x 
[[/(I) X Z2] gauge anomaly (which belongs to Z®^). 
The boundary 2-l-lD theory of the 3-l-lD system will 
be a C/(l) X [C/(l) x ^2] gauge theory with the discrete 
[/(I) X [[/(I) X Z2] gauge anomaly. Such an anomalous 
2-l-lD theory must be gapless or have degenerate ground 
states, if we freeze the gauge fluctuations without break- 
ing the [/(I) X (?7(1) X Z2) symmetry. We suspect that, 
in our particular case, 2-l-lD boundary theory is actually 
gapless. 

This is because if the Z2 gauge symmetry is broken on 
the 2-l-lD boundary, we will have the following effective 
2-l-lD boundary theory: 



in 



(35) 



where </> is the Higgs field that breaks the Z2 gauge sym- 
metry, and the ii'-matrix is given by 



K = 



1/2 
1/2 



(36) 



The above theory has a fractional mutual Hall conduc- 
tance 



Kij 



101 27r 



11 _ 22 

^ xy ^ xy 



U, '-^ xy ^ xy 



27r \<t>[ 
(37) 



Such a theory can be realized by a double-layer bosonic 
fractional quantum Hall state described by if-matrix 
^0 2\ 

K — ^ [ „ I where the bosons in the two layers carry 



\'t>\ \2 

unit charges of the two C/(l)'s separately. 
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If the Zi gauge symmetry does not break, will fluc- 
tuate with equal probability to be = ±|(^|. Due to the 
separate conservation of the two J7(l) charges, the do- 
main wall between — and — — 10| will support 
gapless edge excitations. ^^'^^ Because there are long do- 
main walls in the disordered phase of this suggests that 
the theory is gapless if the C/(l) x [C/(l) xi Z-^ symmetry 
is not broken. 

To further understand the physical property of such 
a discrete gauge anomaly, let us assume that the 3-l-lD 
space-time has a topology x Ml^. We also assume 
that the Ai^ gauge field has 27r flux on M'^. In the large 
Ml limit, the Lagrangian (34) reduces to an effective La- 
grangian on Mi which has a form 

-CAf, = ;^aM^2.e^^ (38) 

We note that the gauge configuration preserve the 
X (?7(1) X Zi) symmetry. The above Lagrangian is 
the effective Lagrangian of the ?7(1) x [J7(l) XZ2] symmet- 
ric theory on Mi probed by the gauge field. Such an 
effective Lagrangian implies that the C/(l) x [J7(l) x Z2] 
symmetric theory on Mi describe a non-trivial C/(l) x 
[J7(l) X Zi\ SPT state labeled by the non-trivial element 
in X (C/(l) X Zi), R/Z] = Z2.-" 

The non-trivial 1-hlD J7(l) x [C/(l) x Zi\ SPT state on 
Ml has the following property: Let Mi = Rt x I, where 
Rt is the time and / is a spatial line segment. Then the 
excitations at the end of the line are degenerate, and the 
degenerate end-states form a projective representation of 
Uil) X [U{1) X Z2]. 69-72 

The above result has another interpretation. Let the 
3-l-lD space-time has a topology Rt x I x M^. Such a 
space-time has two boundaries. Each boundary has a 
topology Rt X Ml, and the theory on the boundary is a 
f/(l) X [U{1) X Zi] gauge theory with the first discrete 
{/(I) X [U{1) X Zi] gauge anomaly. If we freeze the U{1) x 
[U{l)x Zi] gauge fields without break the U{l)x [C/(l) x 
Zi] symmetry, then all the low energy excitations on Mi 
form a linear representation of C/(l) x [U{1) x Zi], if the 
Aifj^ gauge field is zero on M^. However, all the low energy 
excitations on M^ will form a projective representation 
of C/(l) X [U{1) X Zi], if the Ai^ gauge field has 2tt flux 
on M^. This result also implies that 



the monopole of Ai^ gauge field in the correspond- 
ing 3+lD U{1) X [U{1) X Zi] SPT state will carries 
a projective representation of U{1) x [U{1) x Zi]. 



Note that the monopole of gauge field does not break 
the [/(I) X [U{1) X Zi] symmetry. 

Adding 2tt flux of Ai^ gauge field is a weak pertur- 
bation if Ml is large. Such a perturbation changes the 
C/(l) X [U{1) X Zi] representation of the boundary exci- 
tations from linear to projective, which implies that the 
excitations on the 2-l-lD boundary Rt x M^ is gapless. 
To summarize, we have the following two results: 



The 2-f ID U{1) X [[/(I) X Zi] gauge theory with 
the anomaly described by (34) is gapless, if we 
freeze the ^7(1) x [U{1) x Zi] gauge fields without 
break the U{1) x [U{1) x Zi] symmetry 



The 3+lD U{1) x [U{1) x Zi] SPT state charac- 
terized by the topological term (34) of the probe 
gauge fields^®'^"^ has gapless boundary excitations, 
if the U{1) X [U{1) X Zi] symmetry is not broken. 



In other words, the edge of this particular 3-l-lD U{1) x 
[[/(I) X Zi] SPT state cannot be a gapped topologically 
ordered state that do not break the symmetry. 

The first discrete gauge anomaly generates one of the 
Z2 in H^[B{Uil) X pil) X Zi]), R/Z] = (R/Z)®^ ® 
Z®2. Since Dis[H'^[B(U{l) x [[/(I) x Zi\),R/Z] = 
Tor(-H'*[C/(l) X [U{1) X Zi], R/Z]) = Zf- , the first dis- 
crete gauge anomaly also generates one of the Z2 in 
Tor(-H'*[C/(l) X [J7(l) x Zi],R/Z]). According to the 
Kiinneth formula (see eqn. (E15)) 

•H'*[C/(1) X [[/(I) X Zi\,R/Z] 
= 'H^{U{l),n'^[U{l) X Zi,R/Z])® 

H°(t/(1), -Wpil) X Zi, R/Z]) (39) 

where we have only kept the non-zero terms, and 

n'^(U(l),'H'^[U{l) X Zi,R/Z]) 
= H^[U{l),Zi]=Zi, (40) 

'H°{U(l),H'^[U{l) X Zi,R/Z]) 
= n^[U{l)x Zi,R/Z]=Zi. (41) 

So the discrete gauge anomaly generates the Z2 of 
n'^{U{l),'H^[U{l) X Zi, R/Z]), which is a structure that 
involve both C/(l)'s. 



4-. Second discrete gauge anomaly 

In this section, we will discuss the second discrete 
gauge anomaly that generates the other Z2 associated 

withn°{uii),n^[u{i)xZi,R/z]) = n'^[u{i)xZi,R/z]. 

The second discrete gauge anomaly is actually a gauge 
anomaly of U{1) x Zi described by the non-trivial ele- 
ment in n'^lull) X Zi, R/Z] = Z2. At the moment, we 
do not know how to use a 3-1- ID gauge topological term 
to describe such an anomaly. However, we can describe 
the physical properties (i.e. the topological invariants) of 
the second discrete gauge anomaly."*'^ 

Let the 3-1- ID space-time has a topology Rt x I x Si x 
S'l- The theory on a boundary Rt x Si x S'l has the 
second U{1) x [U{1) x Zi] gauge anomaly. If we freeze 
the C/(l) X [U{1) X Zi] gauge fields without break the 
U{1) X [U{1) X Zi] symmetry and consider the large Si 
small 5*^ limit, then the excitations on S'l are gapped with 
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a non-degenerate ground state, if the ^2^^ gauge field is 
zero on S'l x S[. However, the excitations on 5*1 will be 
gapless or have degenerate ground states, if there is tt 
flux of gauge field going through S'^.^* (The gapless 
or degenerate ground states on S'l are edge state of non- 
trivial 2+lD Z2 SPT state.) Since adding tt flux to small 
S[ is not a small perturbation, we cannot conclude that 
the excitations on the 2-1-lD boundary Rt x Si x S[ are 
gapless. 

We also note that the monopole of A2^i gauge field in 
the 3-l-lD bulk breaks the Z2 symmetry. In this case, we 
can only discuss the U{l)xU(l) charges of the monopoles 
(see Ref. 53). 

IV. UNDERSTAND GAUGE ANOMALIES 
THROUGH SPT STATES 

After discussing some examples of gauge anomalies, let 
us turn to the task of trying to classify gauge anomalies 
of gauge group G. We will do so by studying a system 
with on-site symmetry G in one-higher dimension. 

A. The emergence of non-on-site symmetries in 
bosonic systems 

Before discussing gauge anomalies, let us introduce the 
notion of non-on-site symmetries, and discuss the emer- 
gence and a classification of non-on-site symmetries. The 
non-on-site symmetries appear in the low energy bound- 
ary effective theory of a SPT state. So let us first give a 
brief introduction of SPT state. 

Recently, it was shown that bosonic short-range en- 
tangled states^^ that do not break any symmetry can 
be constructed from the elements in group cohomology 
class H'^~^^{G, R/Z) in d spatial dimensions, where G is 
the symmetry group. ''^"'^^ Such symmetric short-range 
entangled states are called symmetry-protected trivial 
(SPT) states or symmetry-protected topological (SPT) 
states. 

A bosonic SPT state is the ground state of a local 
bosonic system with an on-site symmetry G. A local 
bosonic system is a Hamiltonian quantum theory with 
a total Hilbert space that has direct-product structure: 
fi = ^iHi where T-Li is the local Hilbert space on site-i 
which has a finite dimension. An on-site symmetry is 
a representation U{g) of G acting on the total Hilbert 
space % that have a product form 

U{g) = ®,U,{g), geG, (42) 

where Ui{g) is a representation G acting on the local 
Hilbert space Hi on site-z. 

A bosonic SPT state is also a short-range entangled 
state that is invariant under U{g). The notion of short- 
range entangled state is introduced in Ref. 46 as a state 
that can be transformed into a product state via a lo- 
cal unitary transformation. ^-^"^^ A SPT state is always a 



gapped state. It can be smoothly deformed into a gapped 
product state via a path that may break the symmetry 
without gap-closing and phase transitions. However, a 
non-trivial SPT state cannot be smoothly deformed into 
a gapped product state via any path that does not break 
the symmetry without phase transitions. 

Since SPT states are short-range entangled, it is rela- 
tively easy to understand them systematically. In par- 
ticular, a systematic construction of the bosonic SPT 
state in d spatial dimensions with on-site symmetry G 

can be obtained through the group cohomology class 
H''+i(G,R/Z). 37-39 

The SPT states are gapped with no ground state de- 
generacy when there is no boundary. If we consider a 
d-space-dimensional bosonic SPT state with a boundary, 
then any low energy excitations must be boundary ex- 
citations. Also since the SPT state is a short-range en- 
tangled state, those low energy boundary excitations can 
be described by a pure local boundary theory.^^^^Q How- 
ever, if the SPT state is non-trivial {i.e. described by a 
non- trivial element in W^+^iG^R/Z)), then the symme- 
try transformation G must act as a non-on-site symme- 
^^,^37-39,42 ^]-^g effective boundary theory. The non-on- 
site symmetry action U{g) does not have a product form 
U{g) = ®iUi{g). So the SPT phases in d spatial dimen- 
sions lead to the emergence of non-on-site symmetry in 
d — 1 spatial dimensions. As a result, the different types 
of non-on-site symmetry in (d — 1) spatial dimensions are 
described by n'^+^{G, R/Z). 

The non-on-site symmetry has another very interesting 
(conjectured) property: 



the ground states of a system with a non-on-site 
symmetry must be degenerate or gapless. ^'^-39, 48, 67 
The degeneracy may be due to the symmetry 
breaking, topological order, or both. 



The above result is proven only in I-I-ID.^' For certain 
types of non-on-site symmetries, the ground state may 
even have to be gapless, if the symmetry is not broken. 

For a reason that we will explain later, we will refer 
non-on-site symmetry as anomalous symmetry and on- 
site symmetry as anomaly-free symmetry. We see that 
a system with an anomalous symmetry cannot have a 
ground state that is non-degenerate. On the other hand 
a system with an anomaly-free symmetry can have a 
ground state that is non-degenerate (and symmetric). So 
the anomaly-free property of a global symmetry is a suffi- 
cient condition for the existence of a gapped ground state 
that do not break any symmetry. 



B. Anomalous gauge theories as the boundary 
effective theory of bosonic SPT states 

We can alway generalize an on-site global symmetry 
transformation into a local gauge transformation by mak- 
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ing g to be site dependent 



(43) 



which is a representation of G^" , where Ng is the number 
of sites: 



gauge V 



{{ht})Ugi,ugc{{gi}) = C/gaugc({/li5j) 



(44) 



So we say that the on-site symmetry (i.e. the anomaly- 
free symmetry) is "gaugable" . 

On the other hand, the non-on-site symmetry of the 
boundary effective theory is not "gaugable" . If we try to 
generalize a non-on-site symmetry transformation to a lo- 
cal gauge transformation: t/„on-on-sito(g) C^gaugc({5'i}), 
then J7gaugc({5j}) does not form a representation of G^" . 
In fact, if we do "gauge" the non-on-site symmetry, we 
will get an anomalous gauge theory with gauge group G 
on the boundary, as demonstrated in Ref. 38, 40-43 for 
G = C/(l), SU{2). Therefore, gauge anomaly ~ non-on- 
site symmetry. This is why we also refer the non-on-site 
symmetry as anomalous symmetry. Gauging anomalous 
symmetry will lead to an anomalous gauge theory. 

Since non-site symmetries emerge at the boundary of 
SPT states. Thus gauging the symmetry in the SPT state 
in [d -\- l)-dimensional space-time is a systematic way 
to construct anomalous gauge theory in d-dimensional 
space-time. Then from the group cohomology description 
of the SPT states, we find that the gauge anomalies in 
bosonic gauge theories with a gauge group G in d space- 
time dimensions are described by H'^+^iG, R/Z) (at least 
partially). 



C. The gauge non-invariance (i.e. the gauge 
anomaly) of non-on-site symmetry and the cocycles 
in group cohomology 

The standard understanding of gauge anomaly is its 
"gauge non-invariance" . However, in above, we introduce 
gauge anomaly through SPT state. In this section, we 
will show that the two approaches are equivalent. We also 
discuss a direct connection between gauge non-invariance 
and the group cocycles in 'H'^^^{G, R/Z). 

The SPT state in the (d -I- l)-dimensional space-time 
bulk manifold AI can be described by a non-linear a- 
model with G as the target space 



S 



M 



[dgixn? + iWtopig) 



in large limit. Here we triangulate the {d + 1)- 
dimensional bulk manifold M to make it a (random) lat- 
tice or a (d-f l)-dimcnsional complex. The field g{x^) live 
on the vertices of the complex. So / d'^+^'^a; is in fact a 
sum over lattice sites and d is the lattice difference opera- 
tor. The above action S actually defines a lattice theory, 
i VFtQp((;) is a lattice topological term which is defined and 
classified by the elements in -W^+^G, R/z). 38.39,47,53,54,57 



This is why the bosonic SPT states are classified by 
n'^+\G,R/Z). 

Since G is an on-site symmetry in the d + ID bulk, we 
can always gauge the on-site symmetry to obtain a gauge 
theory in the bulk by integrating out g{x'^) 



S= d"^ 



Xn 



(46) 



The resulting topological term iyjQp"^''(74) in the gauge 
theory is always a "quantized" topological term discussed 
in Ref. 53. It is a generalization of the Chern-Simons 
term. ^3, 54, 76 jg g^jg^ related to the topological term 
Wtop(<7) in the non-linear cr-model when is a pure 
gauge 



iyrp"«^(A^) = M^top(.g), 



where .g ^df_,g. (47) 

(A more detailed description of the two topological terms 

W^top(3) and W^^p^'^{A^i) on lattice can be found in 

Ref. 53.) So the quantized topological term W^^p^^{A) 

in the gauge theory is also described by 'H'^^^{G, R/Z). 

Since Wtop{g) is a cocycle in H'*+^(G, R/Z), we 
have^^'^g 

9[g{xn] = [ d'+^x W,f;'^'{9~'d^9) = mod 27r 

(48) 

if the space-time M has no boundary. But if the space- 
time M has a boundary, then 



igix^] - / d'^^ 
Jm 



W,f^^''ig-'d,g)^Omod 2vr 



(49) 



which represents a gauge non-invariance (or a gauge 
anomaly) of the gauged bulk theory in (d-l-l)-dimensional 
space-time. (This is just like the gauge non-invariance 
of the Chern-Simons term, which is a special case of 
W^^p^^A^).) Note that the gauge anomaly 9[g{x'')] mod 
277 only depend on g{x^) on the boundary of M. Such a 
gauge anomaly is canceled by the boundary theory which 
is an anomalous bosonic gauge theory. Such a point was 
discussed in detail for G = U{1), SU{2) in Ref. 12. 

From the above discussion, we see that the bulk the- 
ory on the (d -\- l)-dimensional complex M is gauge in- 
variant if M has no boundary, but may not be gauge 
invariant if M has a boundary. Since a gauge trans- 
formation g{x^) lives on the vertices, it is described by 
{gi\i labels vertices}. Thus, the gauge non-invariance of 
(45) the bulk theory is described by a mapping from G^' to 
phase 277R/Z: 9{{gi]M)^ where Ng is the number of lat- 
tice sites {i.e. the number of the vertices). Such a map- 
ping has two properties. The first one is 



o{{g^) 



M 



sum of local terms for the cells in M (50) 



^[{g^}M) = hi d'+'^ W^:;^\g-^d,g)]. The second 



one IS 



0{{g^}M) = mod 277 



(51) 
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if M has no boundary, since the theory is gauge invari- 
ant when M has no boundary. Eqn. (51) is the cocycle 
condition in group cohomology theory and the function 
9{{gi}M) satisfying (51) is a cocycle. 

When M does has a boundary, the gauge non- 
invariance 6{{gi}M) only depend on g^'s on the boundary 
(mod 27r). So it is a gauge non-invariance (or a gauge 
anomaly) on the d-dimensional boundary. Some times, 
such a gauge non-invariance 9{{gi\M) can be expressed as 
the sum of local terms for the cells on the boundary dM 
[this is potentially possible since 0{{gi\M) only depend 
on giS on the boundary mod 27r], then such a 0{{gi\M) 
will be called coboundary. The associated gauge non- 
invariance is an artifact of us adding gauge non-invariant 
boundary terms as we create the boundary of the space- 
time. Such a gauge non-invariance is removable. So a 
coboundary does not represent a gauge anomaly. Only 
those gauge non-invariance 0({5i}Af) that cannot be ex- 
pressed as the sum of local terms represent real gauge 
anomalies. After we mod out the coboundaries from the 
cocycles, we obtain H''-'^^ [G /I.) . This way, we see more 
directly that 



the elements in H'^^^{G, R/Z) describe the gauge 
anomalies in d-dimensional space-time for gauge 
group G, assuming the gauge transformations are 
described by { g.;} on the vertices of the space-time 
complex M. 



We also see that a non-trivial gauge anomaly (de- 
scribed by a non-trivial cocycle) represents a gauge 
non-invariance in the boundary gauge theory. We be- 
lieve that the above argument is very general. It ap- 
plies to both continuous and discrete gauge groups, and 
both bosonic theories and fermionic theories. (However, 
fermionic theories may contain extra structures. See sec- 
tion VI.) It turns out that the free part of'H'^+^G, R/Z), 
Free['H'''^^(G', R/Z)], gives rise to the well known Adler- 
Bell-Jackiw anomaly. The torsion part of 'H''"*"^(G, R/Z) 
correspond to new types of gauge anomalies called non- 
ABJ gauge anomalies. 



V. MORE GENERAL GAUGE ANOMALIES 

A. d-dimensional gauge anomalies and 
(d + l)-dimensional gauge topological terms 

In the last section, when we discuss the connection 
between gauge non-invariance and the group cocycles, we 
assume that the gauge transformations on the vertices 
of the space-time complex Af*, {gi}, can be arbitrary. 
However, in this paper, we want to understand the gauge 
anomalies in weak-coupling gauge theories in d space- 
time dimensions, where gauge field strength is small. In 
this case, gauge transformations {17^} on the vertices are 
not arbitrary. 



For finite gauge group G, the gauge transformations 
{gi} on the vertices of the space-time complex M"^ are 
indeed arbitrary. So 

H'^+^iG, R/Z) classifies the bosonic gauge anoma- 
lies in d-dimensional space-time for finite gauge 
group G. 



H'^+^(G, R/Z) partially describes the fermionic 
gauge anomalies in rf-dimensional space-time for 
finite gauge group G. 



We will discuss the distinction between gauge anomalies 
in bosonic and fermionic gauge theory in section VI. 

However, for continuous gauge group G, we further re- 
quire that gauge transformations {gi} on the vertices of 
the space-time complex M'^ are close to smooth functions 
on the space-time manifold. In this case, there are more 
general gauge anomalies. Free['H''"''^(G, R/Z)] still de- 
scribes all the Adler-Bell-Jackiw anomaly. But there are 
nonABJ anomalies that are beyond Tot[H'^+^ {G , R/Z)]. 

To understand more general nonABJ gauge anomalies 
beyond Tor[?^'^+^(G, R/Z)], let us view gauge anomalies 
in d-dimensional space-time as an obstruction to have a 
non-perturbative definition (i.e. a well defined UV com- 
pletion) of the gauge theory in the same dimension. To 
understand such an obstruction, let us consider a theory 
in (d + l)-dimensional space-time where gapped matter 
fields couple to a gauge theory of gauge group G. We 
view of the gauge field as a non-dynamical probe field 
and only consider the excitations of the matter fields. 
Since the matter fields are gapped in the bulk, the low 
energy excitations only live on the boundary and are de- 
scribed by a boundary low energy effective theory with 
the non-dynamical gauge field. We like to ask, can we de- 
fine the boundary low energy effective theory as a pure 
boundary theory, instead of defining it as a part of {d+1)- 
dimcnsional theory? 

This question can be answered by considering the in- 
duced gauge topological terms (the terms that do not 
depend on space-time metrics) in the {d+ l)-dimensional 
theory as we integrate out the gapped mater fields. There 
are two types of the gauge topological terms that can be 
induced. The first type of gauge topological terms has an 
action amplitude -^^ ^ ^top'^ (-4^) f^jr^^^ ^^^j^ change 
as we change the gauge field slightly in a local region: 

(52) 

They are classified by Free[-H'^+HG, R/Z)] 
Free[i/''+2(BG, Z)]53.76 corresponds to the Adler- 
Bell-Jackiw anomalies in d-dimensional space-time. 
The Chern-Simons term is an example of this type of 
topological terms. 

The second type of gauge topological terms has an ac- 
tion amplitude that does not change under any pertur- 
bative modifications of the gauge field in a local region 
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(away from the boundary): 

(53) 

WK47S'(A^) = a^^j.^AAe"''^^ is an example of such 
kind of topological terms. We will refer the second type of 
topological terms as locally-null topological terms. Some 
of the locally-null topological terms are described by Tor 
[•H'^+i(G,R/Z)].53.76 

Smce e ■> "top y^t^J does not change tor any per- 

turbative modifications of the gauge field away from the 
boundary, one may naively think that it only depends on 
the fields on the boundary and write it as a pure bound- 
ary term 

However, the above is not valid in general since 
gi/d X w^^p'^ (A,.) j^Qgg depend on the bulk gauge 
field away from the boundary: e' ■'^ ^ ^top'' (^m) ^an 
change if the modification in the gauge field away from 
the boundary cannot be continuously deformed to zero. 
In this case, the appearance of the locally-null gauge 
topological term in {d + l)-dimensions represents an ob- 
struction to view the (d + l)-dimensional theory as a 
pure d-dimensional boundary theory. This is why we 
can study nonABJ gauge anomalies through (d + 1)- 
dimensional locally-null gauge topological terms. 

B. Classifying space and vr-cohomology classes 

To have a systematic description of the locally-null 
topological terms, let us use the notion of the classifying 
space BG for group G. The gauge configurations (with 
weak field strength) on the (c?-f l)-dimensional space-time 
manifold M'*+^ can be described by the embeddings of 
M-^+i into BG, Af^+i ^ M'^+} C BG!'^-^^ So we can 
rewrite our quantized topological term as a function of 
the embeddings M'j^: 

f d'^+ixiysaugc(^^) ^ Sf:;^^{Mi+}) (55) 

JMd+l 

One way to construct the topological term is to use the 
topological (d -I- l)-cocycles i^a+i e H'^+^{BG, R/Z): 

Sf:r{Mi+}) = 2^(^,+i, A/^+i) (56) 

Note that cocycles are cochains, and cochains are defined 
as linear maps from cell-complices M to K/Z. (I'd+i, M) 
denotes such a linear map. As a part of definition, 
(I'd+i, M^q"^) satisfies the condition eqn. (50): 

{i'd+i,M'^) = sum of local terms for the cells in M. 

(57) 

It turns out that the most general locally-null topo- 
logical terms can be constructed from 7r-cocycles. By 



definition, a {d + l)-7r-cocycle fJ,d+i is a (d -I- l)-cochain 
that satisfy the condition 

(Mrf+i, A/^+i) - (Atd+i, mod 1 (58) 

if M^Q^ and A^^g^ have no boundaries and M^^^ and 
^BG^ are homotopic to each other {i.e. M'j^ and N'j^ 
can deform into each other continuously.) As a compari- 
son, a ((i+l)-cocycle Vd+i arc ((i+l)-cochains that satisfy 
the condition 

= {ud+i,N%^) mod 1 (59) 

if — N*!^ is a boundary of a (d + 2)-dimensional 

cell complex. 

Let us use j;'^+i(SG, R/Z) to denote the set of {d + 
l)-7r-cocycle. Clearly, ^^''+i(BG, R/Z) contains the set 
of (d + l)-cocycles: Z'^+i(BG, R/Z) C ^^+^{BG,U/T), 
which in turn contains the set of {d -\- l)-coboundaries: 
B''+i(BG, R/Z) C Z^'+i(BG,R/Z). The 7r-cohoniology 
class ,J>f/+^BG, R/Z) is defined as 

^/+i(BG, R/Z) = ^.^+\BG, R/Z)/B'^+\BG, R/Z). 

(60) 

i.e. two TT-cocycles are regard as equivalent if they are dif- 
fer by a coboundary. Clearly JffJ-'^^{BG,R/Z) contains 
iJ'^+i(BG, R/Z) as a subgroup. 

H'^+\BG, R/Z) = Z'^+^BG, R/Z)/ B'^+\BG, R/Z) 

C ^/+\SG,R/Z). (61) 

However, although in definition, Jif^^+'^{BG, R/Z) is 
more general than iJ'*+^(_BG, R/Z), at the moment, 
we do not know if ^'*+i(BG, R/Z) is strictly larger 
than H'^+'^{BG, R/Z). It might be possible that 
J^/+i(BG, R/Z) = H''+\BG, R/Z). 

Using the 7r-cocycles fid+i & J^J'^^{BG, R/Z), we can 
construct generic locally-null topological terms as 

Sf^^'^'iMitl) = 2n{^^d+l,^4+}). (62) 

Thus locally-null topological terms in weak-coupling 
gauge theories in {d+ l)-dimensional space-time are clas- 
sified by J^.^^+'^{BG, R/Z). Since the non-locally-null 
topological terms are classified by Free[H'^'^^{G,R/Z)], 
we obtain 



The gauge anomalies in bosonic weak-coupling 
gauge theories with gauge group G in d- 
dimensional space-time are classified by 
Free[7^''+i(G, R/Z)] ® J^/+i(BG, R/Z). 



The gauge anomalies in fermionic weak-coupling 
gauge theories with gauge group G in d- 
dimensional space-time are partially described by 
Frcc[-H''+i(G, R/Z)] ® ,^/+\BG, R/Z). 
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As an Abelian group, J^^'^^{BG,R/Z) may contain 
R/Z, Z, and/or Z„. Dis[M'^^+^ {BG, R/Z)] is the discrete 
part of JfJ^^^{BG, R/Z), which is obtained by dropping 
the R/Z parts. We can show that, for finite group G (see 
appendix D), 

je^^+\BG, R/Z) ^ Dis[jr/+i(BG, R/Z)], (63) 
^/+i(BG, R/Z) = Tor[-H''+^(G, R/Z)] = H^'+^G, R/Z). 

VI. BOSONIC GAUGE ANOMALIES AND 
FERMIONIC GAUGE ANOMALIES 

Why the 7r-cohomology theory developed above fails 
to classify all the fermionic gauge anomalies? In this sec- 
tion, we will reveal the reason for this failure. Our dis- 
cussion also suggests that the 7r-cohomology theory may 
provide a classification of all bosonic gauge anomalies. 

We have been studying gauge anomalies in d- 
dimensional space-time through a bulk gapped theory in 
{d + l)-dimensional space-time. The anomalous gauge 
theory is defined as the theory on the d-dimensional 
boundary of the (d + l)-dimensional bulk. In our dis- 
cussion, we have made the following assumption. We 
first view the gauge field as non-dynamical probe field 
(i.e. take the gauge coupling to zero). When the {d + 1)- 
dimensional bulk has several disconnected boundaries, we 
assume that the total low energy Hilbert space of the 
matter fields for all the boundaries is a direct product of 
the low energy Hilbert spaces for each connected bound- 
ary. So the total low energy Hilbert space of the matter 
fields can be described by independent matter degrees of 
freedom on each boundary. In this case, when we glue 
two boundaries together, other boundary will not be af- 
fected. This assumption allows us to use cochains in the 
classifying space to describe the low energy effective the- 
ory with boundaries. 

In the following, we like to argue that the above as- 
sumption is valid for bosonic theories. This is because 
when we studied gauge anomalies, we made an important 
implicit assumption: we only study pure gauge anoma- 
lies. Had we broken the gauge symmetry, we would be 
able to have a non-perturbative definition of the theory 
in the same dimension. This implies that the matter de- 
grees of freedom in the {d + l)-dimensional bulk form 
a short-range entangled state**^ with a trivial intrinsic 
topological order. For bosonic systems, short-range en- 
tangled bulk state implies that the total Hilbert space 
for all the boundaries is a direct product of the Hilbert 
spaces for each connected boundary, for any bulk gauge 
configurations. This result can be obtained directly from 
the canonical form of the bosonic short-range entangled 
states suggested in Ref. 37 and 38. 

However, above argument breaks down for fermionic 
systems, as demonstrated by the 2-l-lD p + ip/p — ip 
fermionic superconductor with Z2 x Z2 symmetry. The 
edge state of the p-\- ip/p— ip superconductor is described 
by eqn. (19) which has a Z2 x Z2 fermionic gauge anomaly. 



If we break the Z2 x Z2 symmetry down to the fermion 
parity symmetry, the 1-t-lD theory (19) can indeed be 
defined on ID lattice. Thus the p + ip/p — ip supercon- 
ductor has no intrinsic topological order. However, we do 
not know the canonical form for such short-range entan- 
gled fermionic state. The bulk short-range entanglement 
does not imply that the total Hilbert space for all the 
boundaries is a direct product of the Hilbert spaces for 
each connected boundary, for any bulk Z2 x Z2 gauge 
configurations. We believe this is the reason why the co- 
homology theory fail to described all the fermionic gauge 
anomalies? 

If a theory cannot be non-perturbatively defined in the 
same dimension even after we break all the gauge sym- 
metries, then the theory should have an anomaly that 
is beyond the gauge anomaly. Such a theory can only 
appear as an effective theory on the boundary of a bulk 
theory in one-higher dimension, which has a non-trivial 
intrinsic topological order. This line of thinking sug- 
gests that generic anomalies are classified by topologi- 
cal orders (i.e. patterns of long-range entanglement '*®) in 
one-higher dimension. 



VII. THE PRECISE RELATION BETWEEN 
GAUGE ANOMALIES AND SPT STATES 

Despite the very close connection between gauge 
anomalies and SPT states, different gauge anomalies and 
different SPT phases do have a one-to-one correspon- 
dence. 

Remember that the gauge anomaly is a property of a 
low energy weak-coupling gauge theory. It is obstruc- 
tion to have a non-perturbative definition (i.e. a well de- 
fined UV completion) of the gauge theory in the same 
dimension. While a SPT phase is a phase of short-range 
entangled states with a symmetry. 

To see the connection between gauge anomalies and 
SPT phases, we note that the low energy boundary exci- 
tations of a SPT state in d -1-1 space-time dimensions can 
always be described by a pure boundary theory, since the 
bulk SPT states are short-range entangled. However, the 
on-site symmetry of the bulk state must become a non- 
on-sitc symmetry on the boundary, if the bulk state has a 
non-trivial SPT order. If we try to gauge the non-on-site 
symmetry, it will lead to an anomalous gauge theory in 
d space-time dimensions. 

Every gauge anomaly can be understood this way. In 
other words, every gauge anomaly correspond a SPT 
state which give rise to a non-on-site symmetry on the 
boundary. However, some times, two different gauge 
anomalies may correspond to two SPT states that can be 
smoothly connected to each other. For example, 3-l-lD 
U{1) gauge topological terms / 2!(27i-)^ d^A^dxA^e^^^^^ 
gives rise to different 2-l-lD U{\) gauge anomalies for dif- 
ferent values of 9 (see section HIE). However, the U{1) 
gauge topological terms with different values of 9 cor- 
respond to SPT states that can connect to each other 
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without phase transition. Thus, the different 2+lD U{1) 
gauge anomahes correspond to the same SPT phase. The 
gauge anomalies and the SPT phases in one higher di- 
mension are related by an exact sequence (a many-to-one 
mapping) : 



chiral 


SPT 


gauge 


state 


theory 


V 




(a) 



SPT states 

the mirror annmaly-fre.e 
of chiral chiral gauge 
gauge theory 

theory / 

(b) 



gapping 

A the mirror of 
anomaly-free 
chiral gauge 
theory 



c?-dimensional gauge anomalies of gauge group G 
d + 1-dimensional SPT phases of symmetry group G 
0. 

Using such a relation between gauge anomalies and 
SPT phases, we can introduce the notions of gapless 
gauge anomalies and gapped gauge anomalies. We know 
that some SPT states must have gapless boundary exci- 
tations if the symmetry is not broken at the boundary. 
We call those gauge anomalies that map into such SPT 
states as "gapless gauge anomalies". We call the gauge 
anomalies that map into the SPT states that can have a 
gapped boundary states without the symmetry breaking 
"gapped gauge anomalies" . 

It appears that all the AB J anomalies are gapless gauge 
anomalies. The 2-l-lD continuous U{1) gauge anoma- 
lies discussed above (see section HIE) are examples of 
gapped gauge anomalies, which are nonABJ anomalies. 
The first discrete 2-l-lD U{1) x ([/(I) x Z2) gauge anomaly 
discussed in section III G 3 is an example of gapless gauge 
anomaly, which is also a nonABJ anomaly. All the H-ID 
gauge anomalies are gapless gauge anomalies, since 2+ ID 
SPT state always have gapless edge excitations if the 
symmetry is not broken. 



VIII. NON-PERTURBATIVE DEFINITION OF 
CHIRAL GAUGE THEORIES 

A. Introduction 

The J7(l) X SU{2) x S'C/(3) standard modeF^-**^ ^^le 
theory which is believed to describe all elementary par- 
ticles (except the gravitons) in nature. The standard 
model is a chiral gauge theory where the SU{2) gauge 
fields couple differently to right-/left-hand fermions. For 
a long time, we only know a perturbative definition of 
the standard model via the perturbative expansion of 
the gauge coupling constant. The perturbative definition 
is not self consistent since the perturbative expansion is 
known to diverge. In this section, we would like pro- 
pose a non-perturbative definition of any anomaly-free 
chiral gauge theories. We will construct well-regulated 
Hamiltonian quantum models^^ whose low energy effec- 
tive theory is any anomaly-free chiral gauge theory. Our 
approach will apply to the standard model if the standard 
model is free of all anomalies. 

There are many previous researches that try to 
give chiral gauge theories a non-perturbative definition. 
There are lattice gauge theory approaches, which fail 
since they cannot reproduce chiral couplings between 



FIG. 3: (Color online) (a) A SPT state described by a 

cocycle u G U'^+^{G,R/Z) in (d + l)-di mensional 
space-time. After "gauging" the on-site symmetry G, we get 
a bosonic chiral gauge theory on one boundary and the 
"mirror" of the bosonic chiral gauge theory on the other 
boundary, (b) A stacking of a few SPT states in 
{d+ l)-dimensional space-time described by cocycles Vi. If 
"^^i = 0, then after "gauging" the on-site symmetry G, we 
get a anomaly-free chiral gauge theory on one boundary. We 
also get the "mirror" of the anomaly-free chiral gauge theory 
on the other boundary, which can be gapped without 
breaking the "gauge symmetry". 



the gauge field and the fermions. There are domain- 
wall fermion approaches. But the gauge fields in the 
domain- wall fermion approaches propergate in one higher 
dimension: 4-fl dimensions. There are also overlap- 
fermion approaches. ^^^^'^ However, the path-integral in 
overlap-fermion approaches may not describe a Hamil- 
tonian quantum theory (for example, the total Hilbert 
space in the overlap-fermion approaches, if exist, may 
not have a finite dimension, even for a space-lattice of a 
finite size). 

Our construction has a similar starting point as the 
mirror fermion approach discussed in Ref. 91-93. We are 
able to use the defining connection between the chiral 
gauge theories in d-dimensional space-time and the SPT 
states in (d -I- l)-dimensional space-time to show that, if 
a chiral gauge theory is free of all the anomalies, then we 
can construct a lattice gauge theory whose low energy ef- 
fective theory reproduces the anomaly-free chiral gauge 
theory. We show that lattice gauge theory approaches ac- 
tually can define anomaly-free chiral gauge theories non- 
perturbatively without going to one higher dimension, if 
we include a proper direct interactions between lattice 
fermions. 



B. A non-perturbative definition of any 
anomaly-free chiral gauge theories 

Let us start with a SPT state in (d -|- l)-dimensional 
space-time with a on-site symmetry G (see Fig. 3a). We 
assume that the SPT state is described by a cocycle v e 
H'^~^^{G, R/Z). On the d-dimensional boundary, the low 
energy effective theory will have a non-on-site symmetry 
(i.e. an anomalous symmetry) G. Here we will assume 
that the d-dimensional boundary excitations are gapless 
and do not break the symmetry G. After "gauging" the 
on-site symmetry G in the (d -I- l)-dimensional bulk, we 
get a bosonic chiral gauge theory on the d-dimensional 
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boundary whose anomaly is described by the cocycle v. 

Then let us consider a stacking of a few bosonic SPT 
states in {d + l)-dimensional space-time described by co- 
cycles Vi e T-L'^^^{G, R/Z) where the interaction between 
the SPT states are weak (see Fig. 3b). We also as- 
sume that Vi = 0. Because the stacked system has a 
trivial SPT order, if we turn on a proper G- symmetric 
interaction between different layers on one of the two 
boundaries, we can fully gap the boundary excitations 
in such a way that the ground state is not degenerate. 
(Such a gapping process also do not break the G sym- 
metry.) Thus the gapping process does not leave be- 
hind any low energy degrees of freedom on the gapped 
boundary. Now we "gauge" the on-site symmetry G in 
the (d -I- l)-dimensional bulk. The resulting system is a 
non-perturbative definition of anomaly-free bosonic chi- 
ral gauge theory described by Vi with ^ Vi — 0. Since 
the thickness I of the {d -\- l)-dimensional bulk is fi- 
nite (although I can be large so that the two bound- 
aries are nearly decoupled), the system actually has a 
d-dimensional space-time. In particular, due to the fi- 
nite I, the gapless gauge bosons of the gauge group G are 
gapless excitations on the d-dimensional space-time. 

The same approach also works for fermionic systems. 
We can start with a few fermionic SPT states in {d + 1)- 
dimensional space-time described by super-cocycles Vi^^ 
that satisfy ^ i^i = {i.e. the combined fermion sys- 
tem is free of all the gauge anomalies). If we turn on 
a proper G-symmetric interaction on one boundary, we 
can fully gap the boundary excitations in such a way 
that the ground state is not degenerate and does break 
the symmetry G. In this case, if we gauge the bulk on- 
site symmetry, we will get a non-perturbative definition 
of anomaly-free fermionic chiral gauge theory. 



C. A non-perturbative definition of some 
anomalous chiral gauge theories 

In the above non-perturbative definition of some 
anomaly-free chiral gauge theories, the lattice gauge 
theories reproduce all the low energy properties of the 
anomaly-free chiral gauge theories, including all the low 
energy particle-like excitations and degenerate ground 
states. This is because the gapped mirror sector on the 
other boundary has a non-degenerate ground state. 

However, for the application to high energy physics, 
in particular, for the application to non-perturbatively 
define the standard model, we only need the non- 
perturbatively defined theory to reproduce all the low 
energy particle-like excitations. In this case, the gapped 
mirror sector on the other boundary can have degenerate 
ground states and non-trivial topological orders. 

If we only need the non-perturbatively defined theory 
to reproduce all the low energy particle-like excitations, 
we can even define certain anomalous chiral gauge theo- 
ries non-perturbatively, following the method outlined in 
the previous section. Using the notions of "gapless gauge 



anomalies" and "gapped gauge anomalies" introduced in 
the last section, we see that we can use a lattice gauge 
theory to give non-parturbative definition of an anoma- 
lous chiral gauge theory, if the chiral gauge theory has a 
"gapped gauge anomaly" . 

Thus all the chiral gauge theories with the ABJ anoma- 
lies do not have a non-perturbative difinition. The 
2-t-lD chiral gauge theories with the first discrete 2-l-lD 
U{1) X {U{1) x Z2) gauge anomaly discussed in section 
III G 3 also do not have a non-perturbative difinition. 
However, many other anomalous chiral gauge theories 
have "gapped gauge anomalies" and they do have a non- 
perturbative difinition. The gapped boundary states of 
those anomalous chiral gauge theories have non-trivial 
topological orders and ground state degeneracies. 



IX. SUMMARY 

In this paper, we introduced a 7r-cohomology the- 
ory to systematically describe gauge anomalies. We 
propose that bosonic gauge anomalies in d-dimensional 
space-time for gauge group G are classified by the ele- 
ments in Free[-H''+i(G, R/Z)] ® jr/+i(BG, R/Z), where 
J^''+^(_BG, R/Z) is the 7r-cohomology class of the clas- 
sifying space BG of group G. We show that the tt- 
cohomology class J^J'^^{BG, R/Z) contains the topolog- 
ical cohomology class H^^^{BG, R/Z) as a subgroup. 

The TT-cohomology theory also apply to fermion sys- 
tems, where Free[n'^+\G,R/Z)] ® ,^„^+^{BG,R/Z) de- 
scribes some of the fermionic gauge anomalies. The gauge 
anomalies for both continuous and discrete groups are 
treated at the same footing. 

Motivated by the 7r-cohomology theory and the closely 
related group cohomology theory, we studied many ex- 
amples of nonABJ anomalies. Many results are obtained, 
which are stressed by the framed boxes. 

The close relation between gauge anomalies and SPT 
states in one-higher dimension allows us to give a non- 
perturbative definition of any anomaly-free chiral gauge 
theory in terms of lattice gauge theories. In this paper, 
we outline a generic construction to obtain such a non- 
perturbative definition. 

The close relation between gauge anomalies and SPT 
states also allows us to gain a deeper understanding for 
both gauge anomalies and SPT states. Such a deeper 
understanding suggests that generic anomalies (includ- 
ing both gauge and gravitational anomalies) are classi- 
fied by topological orders"'^'^^ {i.e. patterns of long-range 
entanglement'**') in one- higher dimension, leading to a 
new fresh point of view on anomalies. 

We also like to remark that in Ref. 53, quantized 
topological terms in d-space-time-dimensional weak- 
coupling gauge theory are systematically constructed us- 
ing the elements in H'^"'"*(G, Z). The study in this 
paper shows that more general quantized topological 
terms can be constructed using the discrete elements in 
Free[-H'^(G, R/Z)] © ^^{BG, R/Z). Due to the close re- 
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lation between the quantized topological terms in weak- 
coupling gauge theory and the SPT states in the same 
dimension, the above result suggests that 



the bosonic SPT states in d-dimensional 
space-time with symmetry G are classified 
by Free[H'^(G, R/Z)] ® Dis[J^'^(5G', R/Z)]. 



We have shown that ¥vee[H'^(G,R/J.)] ® 
Dis[^;*(SG,R/Z)] contains H'^{G,U/J.). So the 
TT-cohomology description of the bosonic SPT 
states is at least as general as the group cohomol- 
ogy description, and may be even more general if 
Free[-H''(G, R/Z)] ® Dis[^/(SG, R/Z)] is indeed larger 
then W^iG, R/Z). 

I like to thank Xie Chen, Zheng-Cheng Gu, and Ashvin 
Vishwanath for many helpful discussions. This research 
is supported by NSF Grant No. DMR-1005541, NSFC 
11074140, and NSFC 11274192. Research at Perime- 
ter Institute is supported by the Government of Canada 
through Industry Canada and by the Province of Ontario 
through the Ministry of Research. 
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TABLE I: A list of homotopy groups nd{G) which describe 
the global gauge anomalies in d space-time dimensions. 



formation, the partition function may change a phase 

Z[4J = e''Z[A^], A'^ = g-'A,,g - ig-'d,,g, (Al) 

where g{x) is a non-trivial map from Aid to G. The 
different choices of the phases e'^ correspond to different 
ID representations of iTd{G) which are classified by 
first group cohomology classes "H^ [7r(j(G), R/Z]. So 
the potential global gauge anomalies are described by 
?£i[7rd(G),R/Z]. 



Appendix A: The nonABJ gauge anomalies and the 
global gauge anomalies 

The nonABJ gauge anomalies described by 
J^'*+^(BG, R/Z) is closely related to bosonic global 
gauge anomalies. The definition of bosonic global 
gauge anomalies is very similar to the definition of the 
fermionic SU{2) global gauge anomaly first introduced 
by Witten.'^ In this section, we will follow Witten's idea 
to give a definitions of bosonic global gauge anomalies 
for continuous gauge groups.'' We then discuss the 
relation between the nonABJ gauge anomalies and 
newly defined bosonic global gauge anomalies, for the 
case of continuous gauge groups. 

We like to point out that the bosonic global gauge 
anomalies defined here are potential global gauge anoma- 
lies. They may or may not be realizable by boson sys- 
tems. 



1. A definition of bosonic/fermionic global gauge 
anomalies for continuous gauge groups 

We use the gauge non-invariance of the partition func- 
tion under the "large" gauge transformations to define 
the global gauge anomalies. Let us consider a weak- 
coupling gauge theory in closed d-dimensional space-time 
Sd which has a spherical topology. We also assume a con- 
tinuous gauge group G. If 7rd(G) is non-trivial, it means 
that there are exist non-trivial "large" gauge transforma- 
tions that does not connect to the identity gauge trans- 
formation (i.e. the trivial gauge transformation). Note 
that TTd{G) forms a group. Under a "large" gauge trans- 



The potential global gauge anomalies in d- 
dimensional space-time and for gauge group G are 
described by n^[Trd{G), R/Z]. 



Since TTd{G) is an Abelian group, we have 
n^i-TTdiG), R/Z] = TTdiG). In table I, we list iraiG) 
for some groups. For a more general discussion of global 
gauge anomalies along this line of thinking, see Ref. 4. 

We will refer those global gauge anomalies that ap- 
pear in a pure bosonic systems as bosonic global gauge 
anomalies. We will refer those global gauge anomalies 
that appear in a fermionic systems as fermionic global 
gauge anomalies. Witten's SU{2) global anomaly is a 
special case of fermionic global gauge anomalies, which 
exists because n4{SU{2)) = Z2. So for a fermionic SU{2) 
gauge theory defined on space-time manifold S'4, its par- 
tition function Z[A^] may change sign as we make a large 
SU{2) gauge transformation: 

Z[A'^] = -Z[A^], A'^ = g-^A,g - ig-'d,g, g{x) e G, 

(A2) 

where g{x) is a non-trivial map from ^4 to SU{2). 
This is described by the non-trivial element in 

n\'Ki[su{2%R/z]. 



2. The nonABJ gauge anomalies and the bosonic 
global gauge anomalies 

We note that iTdiG) also describes the classes of G 
gauge configurations on Sd+i that cannot be continu- 
ously deformed into each others. Those classes of G 
gauge configurations on Sd+i correspond to classes of 
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embedding Sd+i — ^ BG that cannot be continuously de- 
formed into each others. This picture explains a math- 
ematical result TTdiG) = TTd+iiBG). So the potential 
global gauge anomalies in d-dimensional space-time are 
defined as ID representations H^[Trd+i{BG), R/Z]. Each 
TT-cocycle ^d+i in J^/f^^^{BG, R/Z) induces an ID repre- 
sentations of TTd+i{BG) via 

{Hd+i,S%') modi, (A3) 

where S'^g+} is an embedding Sd+i — > BG. Thus we have 
a map 

Ji^^^+\BG, R/Z) ^n^[iTd+ABG), R/Z]. (A4) 

The above map represents the relation between the 
nonABJ gauge anomalies described by J^J^'^^{BG, R/Z) 
and the global gauge anomalies described by 
n 1 (TTd+i (BG) , R/Z) . If a ID representation of tt^+i (BG) 
cannot be induced by any 7r-cocycle, then the corre- 
sponding global gauge anomaly is not realizable by local 
bosonic systems. 

Appendix B: ,ir/(BG, R/Z) = n'^{G,'R/Z) for finite 
groups 

When G is finite, any closed complex Mbg in BG can 
be deformed continuously into a canonical form where all 
the vertices of Mbg is on the same point in BG. All the 
edges of Mbg is mapped to tti{BG) = G. So each edge 
of Mbg is labeled by a group element. All the canonical 
complex Mbg, with all the vertices on the same point 
and with fixed the group elements on all the edges, can 
deform into each other, since TTn{BG) = for n > 1 if 
G is finite. In this case, an evaluation of a vr-cocycle on 
Mbg is a function of the group elements on the edges. 
Such a function is a group cocycle. This way we map a 
TT-cocycle to a group cocycle. 

We also note that the group cocycle condition im- 
plies that the evaluation on any d-sphere is trivial. So 
a group cocycle is also a 7r-cocycle. The fact that tt- 
cocycle = group cocycle for finite groups allows us to 
show ,^^{BG, R/Z) = •H''(G, R/Z). 

Appendix C: Relation between ff''+^(i3G,Z) and 
H%{G, R/Z) 

We can show that the topological cohomology of the 
classifying space, H'^^^[BG,Z), and the Borel-group co- 
homology, 'H%[G, R/Z), are directly related 

H'^+^{BG,Z)~n%{G,R/Z). (CI) 

This result is obtained from Ref. 94. On page 16 
of Ref. 94, it is mentioned in Remark IV. 16(3) that 
■H|(G,R) = Zi (there, n%{G,M) is denoted as 
■^Moorc(G,M) which is equal to niMiG,M)). It is 



also shown in Remark IV. 16(1) and in Remark IV. 16(3) 
that ■HiM(G,Z) = H'^{BG,Z) and niuiG^R/Z) = 
H'^^^{BG, Z), (where G can have a non-trivial action on 
R/Z and Z, and H''~^^{BG, Z) is the usual topological co- 
homology on the classifying space BG of G). Therefore, 
we have 

n%{G, R/Z) = •H^+i(G, Z) = H^+\BG, Z), 
•Hi(G,R) = Zi, d>0. (C2) 

These results are valid for both continuous groups and 
discrete groups, as well as for G having a non-trivial ac- 
tion on the modules R/Z and Z. 

Appendix D: Group cohomology ^^(G, M) and 
topological cohomology H* {BG,V\) on the classifying 

space 

First, we can show that 

i/'*+i(BG,Z) ~-Hi(G,R/Z). (Dl) 

where 'H^(G, R/Z) is the Borel group cohomology 
classes. In the main text of this paper, we drop the 
subscript B. This result is obtained from Ref. 94. On 
page 16 of Ref. 94, it is mentioned in Remark IV. 16(3) 
that n%{G,R) = (there, n%{G,i^) is denoted as 
'WMoorc(G,M) which is equal to HiM(G,M)). It is also 
shown in Remark IV. 16(1) and in Remark IV. 16(3) 
that niuiG^Z) = H'^{BG,Z) and ■H^m(G', R/Z) = 
fjd+i^j^Q^ Z), (where G can have a non-trivial action on 
R/Z and Z, and H'^'^^{BG, Z) is the usual topological co- 
homology on the classifying space BG of G). Therefore, 
we have 

ni{G, R/Z) ^ ni+^G, Z) = H^+\BG, Z), 
H|(G,R) = 0, d>0. (D2) 

These results are valid for both continuous groups and 
discrete groups, as well as for G having a non-trivial ac- 
tion on the modules R/Z and Z. We see that, for integer 
coefficient, TigiG, Z) and H^{BG, Z) are the same. 

To see how n%{G, R/Z) and H'^{BG, R/Z) are related, 
we can use the universal coefficient theorem (ElO) to 
compute H'^{BG, R/Z): 

H'^{BG,R/Z) = CorL[H''{BG,Z)]®ToT[H'^+^{BG, Z)] 
= Con[-H|(G,Z)] ® Tor[H|+i(G,Z)] 
= Con[-H^""^(G, R/Z)] © Tor[-Hi(G, R/Z)], (D3) 

where Con[Z] = R/Z, Con[Z„] = 0, and Con[IMi ® IM2] = 
Con[[Mi] ® Con[M2]. 

For d = odd, we also have 

FTee[H'^{BG,Z)] = Frcc[nB^\G, R/Z)] = 0, 
H'^{BG, R/Z) = Tor[i7'*+i(BG, Z)]. 

= Tor [-Hi (G, R/Z)] (D4) 
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For finite group G and any d, we have 



and 



Free[i?'^(BG,Z)] = Free[-H^""^(G, R/Z)] = 0, 
H'^iBG, R/Z) = Tot[H'^+^{BG, Z)]. 

= Tor[Hi(G,R/Z)] (D5) 



Appendix E: The Kiinneth formula 



The Kiinneth formula is a very helpful formula that 
allows us to calculate the cohomology of chain complex 
X X X' in terms of the cohomology of chain complex X 
and chain complex X' . The Kiinneth formula is given by 
(see Ref. 95 page 247) 



H'^iX X X',M®fl, M') 

Lo H''{X, M) H'^-^{X', M') 

®feiSTorf(i7'=(X,n),iJ''-'=+i(X',M')) . (El) 



Here i? is a principle ideal domain and IK1,IM' are R- 
modules such that Torf (M, M') = 0. We also require 
that M' and H'^{X',Z) are finitely generated, such as 
M' = Z ® • • • ® Z ® Z„ © Z„ ® • • • . 

A i?-module is like a vector space over R [i.e. we can 
"multiply" a vector by an element of R.) For more details 
on principal ideal domain and i?-module, see the corre- 
sponding Wiki articles. Note that Z and IR are principal 
ideal domains, while R/Z is not. Also, R and R/Z are 
not finitely generate i?- modules if i? = Z. The Kiinneth 
formula works for topological cohomology where X and 
X' are treated as topological spaces. The Kiinneth for- 
mula also works for group cohomology, where X and 
X' are treated as groups, X = G and X' = G' , pro- 
vided that G' is a finite group. However, the above 
Kiinneth formula does not apply for Borel-group coho- 
mology when X' — G' is a continuous group, since in 
that case ^{^{G', Z) is not finitely generated. 

The tensor-product operation (8)^ and the torsion- 
product operation Tor^ have the following properties: 



y4 (g)Z S ~ S (g)z A, 

Z (g)z M ~ IM ®z Z = M, 

Z„ (g)z M ~ M (g)z Z„ = M/nM, 

Z„ ®z R/Z ~ R/Z (g)z Z„ = 0, 



'^m <&'Z ~ ^{m.n) i 

{A®B)(g}R\r\ = {A®R M) © {B(^R M), 
M (A © B) = (M (E)R A) © (M (E}R B); 



Torf(^,S) ~ Torf(S,A), 
Torf (Z, M) = Torf (M, Z) = 0, 
Torf (Z„, M) = {to e IM|nm = 0}, 
Torf(Z„,R/Z) -Z„, 
Torf (Z„, Z„) = Z(„j^„), 

Torf © B, M) = Torf (A, M) © Torf (B, M), 

Torf (M, A © B) = Torf (M, A) © Torf (M, B), (E3) 

where (m, n) is the greatest common divisor of to and 
n. These expressions allow us to compute the tensor- 
product ^R and the torsion-product Torf . 

As the first application of Kiinneth formula, we like 
to use it to calculate iJ*(X',[M) from i7*(X',Z), by 
choosing R = Y\' ~ Z. In this case, the condition 
Torf(n,M') = Torf(M,Z) = is always satisfied. So 
we have 



H'^{X X X',M) 

)Lo H^i^^ ®T H'^-^{X',Z)\ © 

Torl{H^{X, r^),H'^-^+\X', Z))] . (E4) 



The above is valid for topological cohomology. It is also 
valid for group cohomology: 



W^iG X G',M) 
©Lo ■^''(G, M) (8)z n'^-\G', Z) 



;iTorfCH'''(G,M),-H 



d-k+l (^1 



(G',Z)) . (E5) 



provided that G' is a finite group. Using eqn. (D2), we 
can rewrite the above as 

■H''(Gx G',M) ~-H''(G,lKl)© 



©Lo ^ (G, M) ®z W-'^-^G', R/Z) 



^Lo Torf CH*^ (G, M) , ■H''-'' (G' , R/Z) ) 
where we have used 

n\G\z) = 0. 

If we further choose IM = R/Z, we obtain 



(E6) 



(E7) 



(E2) 



W^iG X G',R/Z) 
■H'^(G,R/Z)©-H'*(G', 

©L?'H''(G,R/Z) (g)z •H''-'="i(G',R/Z)l© 

©LI Torf (•H'^XG, R/Z),-H'^"'=(G', R/Z))j , (E8) 
where G' is a finite group. 
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We can further choose X to be the space of one point 
(or the trivial group of one element) in eqn. (E4) or 
eqn. (E5), and use 

to reduce eqn. (E4) to 

M) ~ M®z H'^{X,Z)(BTorf{\s^,H'^+'^{X, Z)). 

(ElO) 

where X' is renamed as X. The above is a form of the 
universal coefficient theorem which can be used to cal- 
culate H*{X, n) from H*{X, Z) and the module M. The 
universal coefficient theorem works for topological coho- 
mology where X is a topological space. The universal co- 
efficient theorem also works for group cohomology where 
X is a finite group. 

Using the universal coefficient theorem, we can rewrite 
eqn. (E4) as 

H'^iX X ~ (si^gH'^iX, H'^-''{X' (Ell) 

The above is valid for topological cohomology. It is also 
valid for group cohomology: 

n'^{G X G", M) ~ ®Lon''[G,n'^-''{G', M)], (E12) 

provided that both G and G' are finite groups. 

We may apply the above to the classifying spaces of 
group G and G' . Using B{G x G") = BG x BG', we find 

H'^[B{G X G"), M] ~ ®i^^H^[BG, H'^-^{BG', M)]. 

Choosing M = R/Z and using eqn. (D2), we have 

U%{G X G',R/Z) = H'^+\B{G X G'),Z] 
= ®ttJoH^[BG, H'^+^-''{BG\ Z)] 

= -HiiG, R/z) e -hKg', R/Z)® 

(Btl\H''[BG,'H'^g^{G',^/I.)] (E13) 

where we have used H^{BG' , Z) = 0. Using 

H''{BG,Z)^nUG,Z), H''{BG,Z,-,)^n%{G,Z„), 

(E14) 

we can rewrite the above as 

■H''(GG X SG,R/Z) = ®^^o-H'=[S'G,-H'^-'^(GG,R/Z)] 
= ®Lon''[GG,n'^-''{SG,R/Z)]. (E15) 

Eqn. E15 is valid for any groups G and G' . 



Appendix F: Lyndon-Hochschild-Serre spectral 
sequence 

The Lyndon-Hochschild-Serre spectral sequence^^'^^ 
allows us to understand the structure of 'H^(GG X 
SG, R/Z) to a certain degree. (Here GG X SG is a group 
extension of SG by GG: SG = {GG X SG)/GG.) We 
find that n'^{GGASG, R/Z), when viewed as an AbeUan 
group, contains a chain of subgroups 

{0} = Hd+i cHdC---cHiCHo= W\GG X SG, R/Z) 

(Fl) 



such that Hk/Hk+i is a subgroup of a factor group of 
'H^[SG,W^-^{GG,R/T)], I.e. n''[SG,n'^-''{GG, R/Z)] 
contains a subgroup F'^', such that 

Hk/Hk+i cH''[SG,H''-HGG,R/Z)]/T\ fc = 0,--- ,d. 

(F2) 

Note that SG has a non-trivial action on 'H'^^'^iGG, R/Z) 
as determined by the structure 1 GG GG X SG ^• 
SG —i' 1. We also have 

Ho/Hi c 'H°[SG,W^{GG, R/Z)], 
Ha/Ha+i = = H\SG, R/Z)/rK (F3) 

In other words, aU the elements in W^iGG X SG, R/Z) 
can be one-to-one labeled by (xq, xi, - ■ ■ , Xd) with 

xk e Hk/Hk+i C 'H\SG,'H''-''{GG,R/Z)]/V\ (F4) 



The above discussion implies that we can also use 
(too, mi, • • • ,md) with 

TOfe e 'H^[SG,'H'^-''{GG,R/Z:)] (F5) 

to label all the elements in H^{G, R/Z). However, such 
a labeling scheme may not be one-to-one, and it may 
happen that only some of (mo,TOi, • • • ,md) correspond 
to the elements in H'^{G, R/Z). But, on the other 
hand, for every element in H'^iG, R/Z), we can find a 
(toq, TOi, • • • , nid) that corresponds to it. 



^ S. Adler, Phys. Rev. D 177, 2426 (1969). 



2 J. Bell and R. Jackiw, Nuovo Cimento 60A, 47 (1969). 



22 



^ E. Witten, Phys. Lett. B 117, 324 (1982). 

* R. Catenacci and G. P. Pirola, Letters in Mathematical 

Physics 19, 45 (1990). 
^ O. Baer and I. Campos, Nucl. Phys. B 581, 499 (2000), 

arXiv:hep-Iat/0001025. 
® T. Fujiwara, K. Matsui, H. Suzuki, and M. Yamamoto, 

,JHEP 2003, 015 (2003), arXiv:hcp-Iat/0307031. 
^ M. Hayakawa and H. Suzuki, Prog. Theor. Phys. 115, 1129 

(2006) , arXiv:hcp-th/0601026. 

® K. Gawedzki, R. R. Suszek, and K. Waldorf, Commun. 

Math. Phys. 302, 513 (2011), arXiv:1003.4154. 
® P. de Fromont, K. Gawdzki, and C. Tauber, (2013), 

arXiv:1301.2517. 
^° T. Banks and M. Dine, Phys. Rev. D 45, 1424 (1992), 

arXiv:hep-th/9109045. 

C. Csaki and H. Murayama, Nucl. Phys. B 515, 114 
(1998), arXiv:hep-th/9710105. 

X.-G. Wen, Phys. Rev. B 43, 11025 (1991). 
^3 C. L. Kane and M. P. A. Fisher, Phys. Rev. B 55, 15832 
(1997), axXiv:cond-mat/9603118. 

K. von Klitzing, G. Dorda, and M. Pepper, Phys. Rev. 
Lett. 45, 494 (1980). 

D. C. Tsui, H. L. Stormer, and A. C. Gossard, Phys. Rev. 
Lett. 48, 1559 (1982). 

" C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801 
(2005) , cond-mat/041 1737. 

B. A. Bernevig and S.-C. Zhang, Phys. Rev. Lett. 96, 

106802 (2006). 

C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802 
(2005), cond-mat/0506581. 

J. E. Moore and L. Balents, Phys. Rev. B 75, 121306 

(2007) , cond-mat/0607314. 

^° R. Roy, Phys. Rev. B 79, 195322 (2009), arXiv:cond- 
mat/0607531. 

L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 98, 

106803 (2007), cond-mat/0607699. 

^2 X.-L. Qi, T. Hughes, and S.-C. Zhang, Phys. Rev. B 78, 
195424 (2008), arXiv:0802.3537. 
A. Kitaev, (2009), arXiv:0901.2686. 

A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Lud- 

wig, Phys. Rev. B 78, 195125 (2008), arXiv:0803.2786. 

T. Senthil, J. B. Marston, and M. P. A. Fisher, Phys. Rev. 

B 60, 4245 (1999). 
^® N. Read and D. Green, Phys. Rev. B 61, 10267 (2000). 
'^'^ R. Roy, (2006), cond-mat/0608064. 

28 X.-L. Qi, T. L. Hughes, S. Raghu, and S.-C. Zhang, Phys. 

Rev. Lett. 102, 187001 (2009), arXiv:0803.3614. 
2^ M. Sato and S. Fujimoto, Phys. Rev. B 79, 094504 (2009), 

arXiv:0811.3864. 
^° S. Ryu, J. E. Moore, and A. W. W. Ludwig, Phys. Rev. 

B 85, 045104 (2012), arXiv:1010.0936. 

S. Ryu, C. Mudry, H. Obuse, and A. Furusaki, Phys. Rev. 

Lett. 99, 116601 (2007), arXiv:cond-mat/0702529. 
^2 M. Stone, Phys. Rev. B 85, 184503 (2012), 

arXiv: 1201. 4095. 

T. L. Hughes, R. G. Leigh, and O. Parrikar, (2012), 
arXiv:1211.6442. 

Z. Ringel and A. Stern, (2012), arXiv:1212.3796. 

Z.-C. Gu and X.-G. Wen, Phys. Rev. B 80, 155131 (2009), 

arXiv:0903.1069. 

F. Pollmann, E. Berg, A. M. Turner, and M. Oshikawa, 
(2009), arXiv:0909.4059. 

X. Chen, Z.-X. Liu, and X.-G. Wen, Phys. Rev. B 84, 
235141 (2011), arXiv: 1106.4752. 



3® X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Phys. Rev. 

B 87, 155114 (2013), arXiv:1106.4772. 

X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Science 

338, 1604 (2012), arXiv:1301.0861. 
^° Y.-M. Lu and A. Vishwanath, Phys. Rev. B 86, 125119 

(2012) , arXiv:1205.3156. 

Z.-X. Liu and X.-G. Wen, Phys. Rev. Lett. 110, 067205 

(2013) , arXiv: 1205.7024. 

*2 X. Chen and X.-G. Wen, Phys. Rev. B 86, 235135 (2012), 
arXiv:1206.3117. 

T. Senthil and M. Levin, Phys. Rev. Lett. 110, 046801 

(2013), arXiv: 1206. 1604. 

X.-G. Wen, Phys. Rev. B 40, 7387 (1989). 

X.-G. Wen, Int. J. Mod. Phys. B 4, 239 (1990). 

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 82, 

155138 (2010), arXiv:1004.3835. 

M. Levin and Z.-C. Gu, Phys. Rev. B 86, 115109 (2012), 
arXiv:1202.3120. 

X.-G. Wen, (2013), arXiv:1301.7675. 

Z.-C. Gu and X.-G. Wen, (2012), arXiv:1201.2648. 
5° B. Blok and X.-G. Wen, Phys. Rev. B 42, 8145 (1990). 
^1 N. Read, Phys. Rev. Lett. 65, 1502 (1990). 

X.-G. Wen and A. Zee, Phys. Rev. B 46, 2290 (1992). 
'^^ L.-Y. Hung and X.-G. Wen, (2012), arXiv: 1211.2767. 
^'^ Y. Hu, Y. Wan, and Y.-S. Wu, Phys. Rev. B 87, 125114 

(2013), arXiv:1211.3695. 

S.-P. Kou, M. Levin, and X.-G. Wen, Phys. Rev. B 78, 
155134 (2008), arXiv:0803.2300. 

M. Levin and A. Stern, Phys. Rev. Lett. 103, 196803 
(2009), arXiv:0906.2769. 
" L.-Y. Hung and X.-G. Wen, Phys. Rev. B 87, 165107 
(2013), arXiv:1212.1827. 

X.-G. Wen, Int. J. Mod. Phys. B 6, 1711 (1992). 

X.-G. Wen, Advances in Physics 44, 405 (1995). 
^° J. Wang and X.-G. Wen, to appear (2013). 

M. de Wild Propitius, Nucl. Phys. B 489, 297 (1997), 

arXiv:hcp-th/9606029. 
^2 A. Mesaros and Y. Ran, Phys. Rev. B 87, 155115 (2013), 

arXiv:1212.0835. 

S. Ryu and S.-C. Zhang, Phys. Rev. B 85, 245132 (2012). 
'^'^ G. Moore and N. Read, Nucl. Phys. B 360, 362 (1991). 

X.-G. Wen, Phys. Rev. Lett. 70, 355 (1993). 

X.-G. Wen, Phys. Rev. Lett. 66, 802 (1991). 
^"^ A. Vishwanath and T. Senthil, Phys. Rev. X 3, 011016 

(2013), arXiv:1209.3058. 

M. A. Metlitski, C. L. Kane, and M. P. A. Fisher, (2013), 
arXiv:1302.6535. 

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 83, 
035107 (2011), arXiv:1008.3745. 

N. Schuch, D. Perez-Garcia, and I. Cirac, Phys. Rev. B 
84, 165139 (2011), arXiv:1010.3732. 

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 84, 

235128 (2011), arXiv:1103.3323. 
^2 F. Pollmann, E. Berg, A. M. Turner, and M. Oshikawa, 

Phys. Rev. B 81, 064439 (2010), arXiv:0910.1811. 
'^^ F. Verstraete, J. I. Cirac, J. I. Latorre, E. Rico, and M. M. 

Wolf, Phys. Rev. Lett. 94, 140601 (2005). 
"^^ M. B. Hastings and X.-G. Wen, Phys. Rev. B 72, 045141 

(2005), cond-mat/0503554. 
^5 G. Vidal, Phys. Rev. Lett. 99, 220405 (2007). 

R. Dijkgraaf and E. Witten, Comm. Math. Phys. 129, 393 

(1990). 

'"^ S. L. Glashow, Nucl. Phys. 22, 579 (1961). 
S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967). 



23 



''^ A. Salam and J. C. Ward, Phys. Lett. 13, 168 (1964). 

*° M. Gell-Mann, Phys. Rev. 125, 1067 (1962). 

G. Zweig, Lichtenberg, D. B. ( Ed.), Rosen, S. P. ( Ed.): 
Developments In The Quark Theory Of Hadrons 1, 24 
(1964). 

®^ H. Fritzsch and M. Gell-Mann, Proceedings of the XVI In- 
ternational Conference on High Energy Physics, Chicago, 
(J. D. Jackson, A. Roberts, eds.) 2, 135 (1972). 
A "Hamiltonian quantum theory" is a quantum theory 
with (1) a finite dimensional Hilbert space to describe all 
the states, (2) a Hamiltonian operator to describe the time 
evolution of the states, and (3) operators to describe the 
physical quantities. 

J. B. Kogut, Rev. Mod. Phys. 51, 659 (1979). 

D. B. Kaplan, Phys. Lett. B 288, 342 (1992), arXiv:hep- 

lat/9206013. 

Y. Shamir, Nucl. Phys. B 406, 90 (1993). 
^'^ M. Liischer, Nucl. Phys. B 549, 295 (1999), arXiv:hep- 



lat/9811032. 

®^ H. Neuberger, Phys. Rev. 63, 014503 (2001), arXiv:hep- 
lat/0002032. 

H. Suzuki, arXiv:hep-lat/9901012 101, 1147 (1999), 

arXiv:hop-lat/9901012. 
^° M. Liischer, hep-th/0102028 (2001). 

T. Bhattacharya, M. R. M. Lanl, and E. Poppitz, Phys. 

Rev. D 74, 085028 (2006), arXiv:hep-lat/0605003. 

J. Giedt and E. Poppitz, Journal of High Energy Physics 

10, 76 (2007), arXiv:hop-lat/0701004. 

C. Chen, J. Giedt, and E. Poppitz, Journal of High Energy 

Physics 131, 1304 (2013), arXiv: 121 1.6947. 
^'^ F. Wagemann and C. Wockel, (2011), arXiv:1110.3304. 

E. H. Spanier, Algebraic Topology (McGraw-Hill, New 

York, 1966). 

^'^ R. C. Lyndon, Duke Mathematical Journal 15, 271 (1948). 
G. Hochschild and J. -P. Serre, Transactions of the Amer- 
ican Mathematical Society (American Mathematical Soci- 
ety) 74, 110 (1953). 



